Topic 1.4 — Polynomials — Classwork AP PRECALCULy
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Polynomials

A non-constant polynomial of x is any function that can be expressed in the form

"2 +E +a,x’ +ax+a, where n is a positive integer, & is a Schwaru
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—_ n nl'l
p(x) - anx + an! lx + an! 2x

real number for each i from 1 tonand @ ! 0. The polynomial is said to have degree n, the

leading term is a x" and the leading coefficient is a .Its constant is a,.

If this all sounds intimidating, don’t let it. It is math-terminology for talking in generalities. A polynomial has
terms with integer powers of x, each having its own coefficient. Terms having a zero coefficients are not
written. Polynomials are usually expressed with the highest power term first making it easy to determine the
degree which is the value of that exponent. The coefficient of that term is called the leading coefficient and is
useful in determining the polynomial’s graphical behavior.

Example 1) For each polynomial, determine the requested information.

# Polynomial Degree | Name | Leading coefficient | Constant
a) y=x"+3x+2

b) y=—4x'—x*—-x-1

C) y=Tx-5

d) y=-x

e) Lo 30,82
VIR T TS

f) f(x):—?>)cz—4x+1—l

X
g) y=x\V5-32

h) y=10

Linear Functions: When we analyze a function, we find information that helps us get a sense of it. In algebra
1, we started with linear functions, a polynomial of degree 1. These graph lines. The polynomial form is

y=@aXt+a,. When this was originally taught, the subscripted coefficients were not used — rather a more
friendly form was used: y= mx+ b, where m is the slope and b the y-intercept. The other important
information is the x-intercept (which we know as the zero or root of the equation). That is found by letting y = 0

and we get that x = & - Note that the zero-degree function is y = @, a horizontal line with no x-intercept.

Example 2) For each linear function, determine the requested information.

# | Function | Slope | y—int | X—int # | Function | Slope | y—int | X—int
a) | y=4x-3 c) | 2x+4y=4
b)| y=-2X d) y=8
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Quadratic Functions: In algebra 2, we analyzed quadratic functions,
functions of degree 2. These functions graph parabolas. The polynomial form

is y= a2X2 +aX+@,. For simplicity, we used y = ax®+bx+c. The analysis
for quadratics is different than that of a line. The coefficient a gives important
information as to the shape of the parabola. If a is positive, the parabola opens
up. If a is negative, the parabola opens down. Equally important, the relative
size of a compared to 1 determines the width of the parabola. If a > 1, the
parabola is thinner. If a < 1, the parabola is wider. The figure to the right

. 1
compares y = x> with y=2x” and y = Exz .

The other two important pieces of information is first, the vertex of the parabola which, our algebra analysis

determined is at X = 23" Second, the zeros of the function which is found by setting y = 0. These can be found
a
| b+/b? !
by factoring, or in general, by using the quadratic formula: x =- b+ 2b ' dac . Although this course isn’t
a

about parabola analysis, let’s do a few to jog your memory.

Example 3) For each quadratic function, determine the requested information, comparing it to y = X’.

# Function Opening | Comparison | Vertex Zexos
a) x> +2x—8

b) y=-3x*+6

C) | y=0.5x>-4x+8
d| y=x+x+2

Polynomial Graph Behavior

Your algebra course did not do any analysis for cubic equations (y = a3x3 + a2x2 +ax+ ao) except possibly

some specific ones. That is because the greater the degree of the function the greater the analysis complexity.
The “cubic formula”, similar to the quadratic formula would take up an entire page. In calculus, techniques are
taught to analyze functions with degree 3 and higher but for now, we rely on graphs.

Below are terms we use to describe polynomial graphs. Some you have heard before and some are new. After
the list is a polynomial function which illustrates the behaviors that are described below.

* domain: The domain is the set of allowable x-values for the polynomial function. Since there is no
restriction on x mathematically (because there is no possible square root of a negative number or no

possibility of a 0 in the denominator) the domain is always ! " <x#" , also written as (! ", ) However,

realize that we might model real-world situations with a polynomial, the domain might get restricted. For
instance, a polynomial might be used to describe the monthly cost of a cellphone as a function of memory
used. In that case, the domain is non-negative integers. It also may be that polynomial might only be in
effect for up to 4 gigabytes of memory so the domain would be [0, 4].

* Zeros: The values of x where the function is equal to zero. When we examine functions graphically, their
zeros are the location where the function touches or crosses the x-axis. However, a function can have zeros
that are imaginary numbers and these are not visible when looking at the graph.
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* Increasing: In chapter 1, we contrasted increasing functions with strictly increasing functions. However,
non-zero-degree polynomials are never constant in intervals so the distinction is not necessary and we just

use the term increasing. A polynomial is increasing over an interval [a, b] if when b> a, f (b) > f (a) .

* Decreasing: In chapter 1, we contrasted decreasing functions with strictly decreasing functions. However,
non-zero-degree polynomials are never constant in intervals so the distinction is not necessary and we just

use the term decreasing. A polynomial is decreasing over an interval [a, b] if when b > q, f (b) <f (a) .

» Concave up: A polynomial is concave up when the average rate of change over equal-length input-values is
increasing for all small-length intervals.

* Concave down: A polynomial is concave down when the average rate of change over equal-length input-
values is decreasing for all small-length intervals

* Inflection point: When a polynomial function graph changes from concave up to concave down or vice
versa, the x-value where this occurs is the location of an inflection point.

* Relative (or local) maximum: the point where the polynomial switches from increasing to decreasing.
* Relative (or local) minimum: the point where the polynomial switches from decreasing to increasing.

* Absolute maximum. The highest point on the curve. If the curve goes up forever, there is no absolute

maximum. If the domain is (! ", ) and there is an absolute maximum, it occurs at the relative maximum. x

is the location of the absolute maximum while y is the actual absolute maximum.

* Absolute minimum. The lowest point on the curve. If the curve goes down forever, there is no absolute

minimum. If the domain is (! " ) and there is an absolute minimum, it occurs at the relative minimum. x

is the location of the absolute minimum while y is the actual absolute minimum.

8T Relative

Maximum .
Inflection Pt

Zero

Relative -
4T Minimum

Zeros: x =-3,0,2

Relative maximum: x = 0.75
Inflection Pt 12T Relative minimum: x =-2,x=0
ok Absolute maximum: None
Absolute minimum: x = -2

o0t Decreasing: (—oo,—2),(0.75,2)
Increasing: (—2,0.75)

Concave up: (—w,—0‘75),(1.5,°o)
287 Concave down: (—0.75,1.5)

Inflection pts: x = -0.75,x = 1.5

24T

Relative\Minimum gnd

-32T

Notice that between every two distinct real zeros, there must be a relative maximum or relative minimum. This
will be proved in AP Calculus. The term relative extrema takes into account a function’s relative minima and
relative maxima.
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It should be pointed out that finding the exact locations (rarely integers) of relative maxima and relative minima
isn’t easy, even with a calculator. That affects the intervals of increasing and decreasing. Inflection points are
very difficult to determine by eye — graphs are obviously concave up or concave down in specific intervals but
the exact location where the function switches concavity is best left to calculus. In problems below, concentrate
on whether the graph has these features as opposed to specific locations which can be approximated.

Example 4) For the following polynomial functions, graph them on the given x-interval and use a ZOOM FIT
to see all the important behavior. Then complete the chart finding or approximating the important information.

a) f(x)=x"+4x-12 [-8,4] b) f(x)=x"+1 [-2,2]

Zeros:

Relative maximum:
Relative minimum:
Absolute maximum:
Absolute minimum:
Decreasing:
Increasing:

Concave up:

Concave down:

Inflection pts:

¢) f(x)=x"-3x"—4x [-2,5]

Zeros:

Relative maximum:
Relative minimum:
Absolute maximum:
Absolute minimum:
Decreasing:
Increasing:

Concave up:

Concave down:

8 7 6 5 -4 3 2 - 1

Zeros:
Relative maximum:

Relative minimum:

Absolute minimum:
Decreasing:
Increasing:
Concave up:

Concave down:

Inflection pts:

Absolute maximum:

d) f(x)=4x*-x* [-33]

b Us bbb

-10
-1
-12

Zeros:

Relative maximum:
Relative minimum:
Absolute maximum:
Absolute minimum:
Decreasing:
Increasing:

Concave up:

Concave down:

- N w A o o

- S B NI RN

“ N e s oo oo

b & A o B A

Inflection pts: = Inflection pts:
e) f(x) =8x” —20x" +6x+9 Domain is [—1,2]
Zeros: Decreasing:
Relative maximum: Increasing:
Relative minimum: Concave up: PU——
Absolute maximum: Concave down:
Absolute minimum: Inflection pts:
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Topic 1.4 — Polynomials — Homework

1. For each polynomial, determine the requested information.

Polynomial

Degree

Name

Leading coefficient

Constant

f(x)=12-2x°

y=x"—8x"+3x

¢(x)=7

y=5x" —4x*+3x" - 2x"+x—1

y:ixlo_lx6+lx2+8
10 5 2

flx)=2"

y=-3x"3-43

h(x): 6—23x

2. For each linear function, determine the requested information.

# | Function | Slope| y—int | x—int
a.| y=—8x—-4
b.| y= x\/g
c.| 4x-5y=10
2 3
d.| =x+-y=3
37

3. For each quadratic function, determine the requested information, comparing it to y = X’.

# Function Opening | Comparison | Vertex | Zeros
x> +12x+20
b.| y=-1.5x>—6x
1

c.|y= gxz —2x+3

d.| y=—x"+2x+5

e.| y=4x>+9
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4. For the following polynomial functions, graph them on the given x-interval and use a ZOOM FIT to see all
the important behavior. Then complete the chart if the graph has that feature.

a. f(x)=x"-3x—18 [-4,7] b. f(x)=10x-x*-25 [-18]

Zeros:

Relative maximum:
Relative minimum:
Absolute maximum:

Absolute minimum:

Concave down:

Inflection pts:

Zeros:

Relative maximum:

Relative minimum:
Absolute maximum:

J |Absolute minimum:

4 3 -2 A 1 2 3 4 5 6 7

Concave down:

C. f(x) =x’—4x [—3,3]

Zeros:

Relative maximum:
Relative minimum:

Absolute maximum:

Absolute minimum:

Concave down:

Inflection pts:

Decreasing: “ Decreasing: .
Increasing: N Increasing:

12 12
Concave up: e Concave up:

d f(x)=-x"+x"=x+1 [-12]

Zeros:

Relative maximum:

- N © & o

Relative minimum:
Absolute maximum;

Absolute minimum:

Concave down:

Decreasing: 2 " 2| |Decreasing: ‘ ‘
: .,
Increasing: 2 Increasing: 2
3
Concave up: “ Concave up: N
5

Inflection pts: Inflection pts:
e. f(x) =2x*+x’ = 6x> Domain [—2,2]
ry
15
Zeros: Decreasing:
Relative maximum: Increasing: 0
Relative minimum: Concave up:
5
Absolute maximum: Concave down:
Absolute minimum: Inflection pts: " ;
-2 1 2
5
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Topic 1.5 — Polynomials and Their Zeros — Classwork I

Zeros (Roots) of Polynomial Functions

Before we look at zeros of polynomial equations, we have to classify all the different types
of numbers we encounter in mathematics:

Schwartz

MasterMathMentor.com

Natural numbers (sometimes called counting numbers): 1, 2, 3, 4, ...
Whole numbers (the natural numbers including zero) : 0, 1, 2, 3, 4, ...

Integers (positive and negative whole numbers) : ... —4,-3,-2,-1,0,1,2,3,4, ...

. . . a .
Rational numbers — numbers that can be written as a fraction 3 where a and b are both integers and b #0.

Terminating and repeating decimals are rational.

Irrational numbers — numbers that cannot be written as fractions (ex. 71',\/5 ,%/g , etc.). Any number that is a
non-repeating decimal is irrational.
Real numbers — a combination of rational and irrational numbers. All non-imaginary numbers are real.

Pure imaginary numbers — numbers in the form bi — where j =+/—1

Complex numbers — numbers having a real part and an imaginary part — in the form of @ + bi where a is the
real part and bi is the imaginary part. All numbers are complex.

The relationship of these numbers is shown by the chart to the right.

So, any number that is an integer, for example, is also rational, real, and Il
complex. All numbers are complex and all numbers without an imaginary part —T
are real. All real numbers are either rational or irrational.

Pure Imaginary|

‘ Rational ‘ ‘ Irvational ‘

1) Classify the following numbers using the following: N — Natural,
W — Whole, I — Integer, Rat = Rational, Irr = Irrational, R = Real,
PI = Pure imaginary, and C = Complex.

12
a. 12 b. 1 o e d. 0.121121112...
3 .
e. -1 f. = g. 4i h.0
5
.03 j. 132 k. 5—%‘ L 432

We define a zero (or a root) of a function f(x) as the value of x which makes the function equal to zero. There
are many ways to express the zero of a function. The following statements are all equivalent.

x=a isarootof f(x) x=a isazeroof f(x) x = ais asolution of f(x)=0
If a is real, (a, 0) is an x-intercept of f(x)  (x—a) is a factor of f(x)
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So, given f(x)=x’—4, we set the function equal to zero and get x =2 and \ /
x =-2. So, we can make the following statements: They all say exactly the same thing.
To the right is the graph. \ /

* x=2,-2 are zeros of f(x)

* both x — 2 and x + 2 are factors of f(x)

* x=2,-2 are roots of f(x)
* (2, 0) and (-2, 0) are x-intercepts of f(x) ¢ x=2,-2 are solutions of f(x)

Given f(x)=x’—x>—6x, weset f(x)=0and we get x(x—3)(x+2) yielding x =0, x =3, \
x =-2. So, we can make the following statements: They all say exactly the same thing. To the /

right is the graph.

* x=0,3,-2 are zeros of f(x)
* x=0,3,-2 are solutions of f(x)
* (0,0), (3, 0), and (-2, 0) are x-intercepts of f(x)

* x=0,3,-2 are roots of f(x)
* x,x—3, and x + 2 are factors of f(x)

Nb / J

1 real root 2 real roots 3 real roots

[\

NN

\

\/,\

\)

infinite # of real roots no real roots

A polynomial graphs a smooth curve that is continuous — meaning it has no breaks. If we get a curve that is
continuous though, that doesn’t mean it necessarily is a polynomial. Other curves can behave similarly.

) s

y

e

a polynomial not a polynomial not a polynomial
smooth and continuous smooth and continuous not continuous

All polynomials have the following characteristics:

not a polynomial

sharp corner

A polynomial of degree n will have at most » real roots.

The graph of a polynomial of degree n will have at most n — 1 turning points. A turning point is when the
curve changes from increasing to decreasing or decreasing to increasing.

A quadratic, for example has at most two real roots and at most
one turning point. The graph of f(x)=x*—4 as we saw above
has exactly 2 roots and one turning point. The graph of
f(x)=x?—4x+4 has one root and one turning point.

A cubic equation can have at most three real zeros. It can have
fewer than three but not more than three. It can have at most two
turning points. The graph of f(x) = x> — x> —6x as we saw above
has 3 roots and 2 turning points. The graph of
f(x)=x=3x?+3x—1 has one zero and no turning points.
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Polynomials of degree 3 (cubic functions) *

(It should be pointed out that this section is assumed knowledge in AP precalculus and was presumably covered
in algebra 2. If it was not, then teachers should take the time to cover it).

Suppose we wish to find the roots of f(x)=x’—3x>—6x+ 8. By inspection, you see that x = 1 is a root of
f(x) ... 1-3-6+8=0). We know that there might be as many as 2 more solutions. How are they found?
Since we know that x =1 is a solution to f(x), we know that (x —1) is a factor of x*=3x*—6x+8. Thatis, if
we divide x* —3x?—6x+8 by x — 1, it goes in evenly.

So, let’s do the division. You did this way back in algebra 1. This is quite messy and x'—~2x-8

takes up room. There is a better way. It is called synthetic division. x—1)x’=3x* —6x+8
32

To divide x’ —3x* —6x+ 8 by x — 1 synthetically, do the following. We write 1 to the et ;

outside because we are dividing by x — 1. Draw a vertical line and write the —2x" —6x

coefficients to x* —3x* —6x + 8 to the inside. Then leave a space and draw a line (a): - 2x*+2x

-8x+8
Now drop the first coefficient (b). Multiply the outside number by the bottom number — 8x+8
and put it diagonally up from that bottom number (c). Now add that column (d) . —

Repeat the process — multiplying the bottom row by the outside number and adding the columns (e). The last
number is the remainder when the long division is performed.

111 -3-6 8| [111-3-6 8| [111-3-68]|1|1-3 -6 8
111-3-6 8 -
1 1 1 -2 -8
1 1 ) 1 -2-8 [0]
(a) (b) () (d) (e)

The fact that you ended up with a remainder of zero tells you that x — 1 divides evenly into x* —3x> —6x +8.
The numbers at the bottom represent the coefficients of the answer. The solution is 1x* —2x — 8. So, we are

saying that x* —3x* —6x+8=(x —1)()62 —2x— 8).

Since we can factor x* —2x—8 into (x—4)(x+2), we can say that /w\ /
x*—=3x*=6x+8=(x—1)(x—4)(x +2) and the roots are all rational (and real): x = 1,

x =4 and x = -2. To the right is the graph that verifies it. Let’s practice synthetic division o f 5 \/
before we tackle how to solve cubics in general.

2) Do the following division problems synthetically.

x> =3x*—6x+38 x*=2x*=21x—18 x> —4x*-28x-30
a) b) c)

x=2 x+3 x+2
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x*=12x-16 xt=xP=22x*+16x-96 2x° =11x*+17x -6
d) ——M— €) f)
x—4 x—3 2x—1

The key to solving cubics (or higher degree polynomials) is the fact that is a polynomial is divisible by (x —k),
then & is a root. And we know whether or not that polynomial is divisible by (x —k) ... if it is, when we do
synthetic division, we get a remainder of 0.

This is summarized by the Factor Theorem: A polynomial f(x) has a factor (x—k) if and only if f(k)=0 ‘

In the example above f(x)=x*—3x>—6x+8 has a factor of (x—1). So, by the factor theorem, f(1)=0.Or
from the other direction, f(1)=0.So (x—1) is a factor of f(x)=x’-3x>—6x+8.

Solving cubics (and higher degree polynomials) is a trial-and-error process. With no direct method like the
quadratic formula, we find possible rational roots of a function f(x) and test them with synthetic division.

The Rational Zero Test ... a.k.a. the P Test
q
If f(x)=ax"+ a, x""'+a, x"+.+a,x’+ax+a, has integer coefficients, every rational root of f(x) 1S

in the form: P where p is a factor of the constant term 4. and ¢ is a factor of the leading coefficient g
p p o q g 0

Example: Find the roots and their nature as well as factoring f(x)=x>—5x>+2x+38

p (all factors of the constant term 8) = 1,244 +8 ¢ (all factors of the leading coefficient 1) *1

so all possible combinations of p. 11,1244 £8
q
If f(x)=x>—5x+2x+8 is going to factor, then one of these combinations must work (divide evenly). So

We do some trial and error. There are 8 possibilities. The best place to start is with the smallest numbers.

-5 2 8 11 -5 2 8
Try 1: 1 -4 -2 Try —1: -1 6 -8

1-4-2 [6] 1-6 8 [o]

—1 works. So that means that (x+1) has to be a factor of f(x)=x’-5x>+2x+8. We know the other
factor as well ... the result of the synthetic division.

We have that x* —5x>+2x+8= (x+ 1)(x2 —6x+ 8). No need for any more trial and error because

x> —6x + 8 factors. The final factorization is (x+1)(x —2)(x —4) with rational roots x =1, 2, and 4.
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The process of solving a cubic is this:

1) Determine all your possible Pog 1If the leading coefficient is 1, this makes your work easier.
q

2) Start trying all your possible Pog using synthetic division. All you need is one of them to divide evenly. It

is best to start with the smaller numbers.
3) If k is the number that “worked” then x — & is one of the factors. The other factor is the result of the division.

4) The result of the division is a quadratic. Try and factor it. If it does factor, your roots are all rational. If it
doesn’t factor, the remaining two roots will be either be both irrational or both imaginary.

3) For each of the expressions below, find the roots and classify them as well as factoring it. Calculator verify.

a) f(x)=x’-8x*+21x-18 b) f(x)=x"-12x+16
Possible Rational Roots: Possible Rational Roots:
¢) f(x)=x’+6x"+12x+8 d) f(x)=x>-3x"-3x+9
Possible Rational Roots: Possible Rational Roots:
e) f(x)=x’+3x"+x-2 f) f(x)=x’-2x>+4x-8
Possible Rational Roots: Possible Rational Roots:
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g f(x)=4x"+8x7+5x+1

Possible Rational Roots:

h) f(x)=8x"—4x*-2x+1

Possible Rational Roots:

Polynomials of degree 4 (quartic functions) and higher *

The method of solving 4™ degree equations and factoring them is an extension of the method shown with
cubics. It is necessary to do two successful synthetic divisions to reduce the remaining polynomial down to a
quadratic. We will not spend much time doing them as they are time-consuming. Algebraic calculators have the
ability to factor as well. 5" degree equations necessitate synthetic division being done 3 times.

4) For each of the expressions below, find the roots and classify them as well as factoring it. Calculator verify.

a) x'+x’-7x*—x+6

Possible Rational Roots:

¢) x*+2x’=3x*+10x-40

Possible Rat’l Roots:

© www. MasterMathMentor.com

b) x* —14x*=12x+16

Possible Rational Roots:

d) 4x* —4x’ —7x*+8x-2

Possible Rational Roots:

Unit 1 p. 32 Illegal to post on Internet



Working with Imaginary Roots

Suppose you were asked to factor/find the zeros of f(x)=x*—x*+3x>-4x—4. There -

are only 6 possible rational roots: £1,+2,+4. To save time, let’s graph the function. \ /
\

It should be apparent that none of these possible solutions are zeros of the function. -

Realize that our method above only covers real zeros, ones visible by having its graph showing x-intercepts.
That does not preclude the possibility that our zeros may be imaginary ones. Let us use the fact that states:

Because of the quadratic formula, rational roots and imaginary zeros come in pairs.
If a + bi is a non-real zero of a polynomial, then its conjugate a — bi is also a zero.

Suppose you were told that 2i was a root of the function above. Because imaginary zeros come in pairs,
another zero would also be —2i. So, let’s do synthetic division with first 27 and then —2i.

First, a review on imaginary number math: Remember that ;> =—1. : -1
i(2—i)=2i—i*=2i—(-1)=2i+1. e
(i—4)3i+1)=3+i—-12i—4 =-3—1li—4= —7—1li e 1

All of this can be easily done on the calculator as shown on the right.

So, let’s continue by doing synthetic division. Remember ... we are told that 27 and —2i are zeros of the
function so the remainders must be equal to zero. If they are not, you made an error. Once we whittle the
problem down to a quadratic, we are on firm ground.

2i| 1 ~1 3 —4 —4 Factorization
2i _4-9; 4-_2; 4 (x! 2i)(x+2i)(x2! x! 1)
1 —1+2i  —1-2i -2 [o] e v aiz)(er xt)
2i —2i 2 2i (¢ +4)( 1 x11)
1 ~1 -1 |o] Roots: X = ﬁi,“f
2 irrational, 2 imaginary

Being told one of the zeros gives us a toehold into the problem.
5) Fully factor and find all of the roots of f(x)=x*! 4x’ +14x>! 36x+45 given that 2 + i is a zero.

Steps: Remember — if 2 + i is a zero, then 2 — i is also a zero.
Do synthetic division with 2+ ...

you must get a remainder of zero. 2+i| 1 | 4 14 ! 36 45
. | C
Do synthetic division with your answer and sl LS 18+91 145
2! j as divisor . Again, you must get a 2V i1 ! 2+i 9 118+9 E
remainder of zero. 2; 0 181 9 1 45
Either factor your result or use the quadratic 1 0 9 EI

Formula to find the zeros. In this case,

x> +9 doesn't factor and its zeros are imaginary.
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To present your answer in factored form, use the fact that

[x! 2+)][x! (2! D] =[(x! 2! {[(x! 2)+i] p\/
:(X!2)2!i2:x2!4x+4!(!1)=x2!4x+5

Note that f(x) has no real zeros — verified by the graph to the right.
So fully factored, | / (x) = (x2 ! 4x+5) (x2 + 9) . Its other zeros are: — —

Multiplicities

The term “factoring” means to write the expression using rational factors. We like to say that x> —2 doesn’t
factor. We don’t consider ( x+ \/5) ( xX— \/E) as+/2 is not rational. Similarly, we say that x* +9 doesn’t factor.

Even though x*+9= (x+ 3|)(x ! 3|) , we don’t consider (x+ 3i) as a factor as i is not real, let alone rational.

If a linear factor (x ! a) is repeated n times, then that corresponding zero of the polynomial function has

multiplicity n. A polynomial of degree n has exactly n complex zeros when counting multiplicities. However, if
factors have multiplicity greater than 1, then the function has fewer unique solutions. For instance,

f (x) =x*1 2x+1= (x! 1)2 has 2 complex zeros because its degree is 2, but since the factor of x — 1 has
multiplicity 2, then there is only one unique root. Some books refer to x = 1 as a double root.

Example 6) Complete the table. To lessen the work considerably, fully factored form is given in some.

. Factored Multiplicity of Complex zeros Unique
# Function £(x) _ _ o
Form each linear factor | incl multiplicities| Complex Zeros
a) 3x+6
b) xP—x—-2

C) 9x* - 24x+16
o °-62432 | (x-4)(x+2)

e | 27x°-54x" +36x-8|  (3x+2)

f) | x*—9x°+15x + 25x x(x + 1)(x — 5)2

0) x*+4x*+4
h) x°+16x" +64x°

The behavior of a graph to the left and right of any real zero a can be determined by its multiplicity.

« If the multiplicity is even, then the signs of f ( x) are the same for values of x near x = a. This means that the

graph of f (x) will be tangent to the x-axis at x = a (touch it in one location). The graph will appear to
bounce off the x-axis.
» If the multiplicity is odd, then the signs of f (x) are different for values of x near x = a. This means that the

graph of f (x) will intersect the x-axis and pass through it.
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Notice how the greater the degree of the factor, the flatter the curve gets around the zero x = 1. That is because
the differences between 1 and values very close to 1 are getting raised to higher powers, making them smaller.

For curves with even multiplicity at a zero a, the behavior of the function at x = @ must

+ switch from decreasing to increasing and create a relative minimum. Values around x = a will be positive.
* switch from increasing to decreasing and create a relative maximum. Values around x = a will be negative.

For curves with odd multiplicity greater than 1, the function will switch concavity at x = a and thus have an
inflection point there.

Example 6) Which of the following equations could create the graph to the right? |
a) f(x)=(x=3) (x+2) b) f(x)=(x=3) (x+2) /

¢) £(x)=(x=3) (x+2) d) f(x)=(x=3) (x+2) /\/

Finally, in rare occasions, you are given the values of polynomial f (x) with x being equal-interval values.

Even though you may not have any idea about the function that created it, it can be found. The degree of the
polynomial function is equal to the least value n for which the successive differences nth differences are
constant. This is easier shown that explained. Using that fact, work backwards to find the next term.

Example 7) Values of f (x) for successive values of x are given. Determine the degree of polynomial f (x)
and find the next term.

a) 1,6,17,34, and 57. b) 20,9, 6, 5,0 -15, 46
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Topic 1.5 — Polynomials and Their Zeros — Homework

1. Classify the following numbers using the following: N — Natural, W — Whole, I — Integer, Rat = Rational,
Irr = Irrational, R = Real, PI = Pure imaginary, and C = Complex.

2 2—i p. 16 o |-L d. 2.562
17 2
e. 2562 f. 364 g 4545545554 h 2
N2
i i? j. 1 k. 0 Lz
T b3 0

2. Do the following division problems synthetically.
x’—15x* +75x 120

X —6x*+11x-6 b X=Tx*=6x+72 c
x—2 ' x+3 ' x-=5
X’ +64 x*—8x*=3x*+130x-200 2x° =5x"-11x -4
d. €. f.
x+4 x-=5 2x+1

3. For each of the expressions below, find the roots and classify them as well as factoring it. Calculator verify.

a.  f(x)=x’—6x"+3x+10 b. f(x)=x’—x>-8x+12

Possible Rational Roots: Possible Rational Roots:
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c. f(x)=x"+2x>-8x-16 d. f(x)=x’-3x>+3x-9

Possible Rational Roots: Possible Rational Roots:
e. f(x)=x’+x>+2x-4 f. f(x)=3x"-5x>-47x-15
Possible Rational Roots: Possible Rational Roots:

4. For each of the expressions below, find the roots and classify them as well as factoring it. Calculator verify.

a. x*'—11x°—13x*+11x+12 b. x*—x'-9x*—11x—4
Possible Rational Roots: Possible Rational Roots:
c. x*-=-3x+12x*-30x+20 d. 16x* —32x° +24x* —8x+1
Possible Rational Roots: Possible Rational Roots:
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5. For the following functions, fully factor and find all roots with the given information.

a. f(x):x4—x3—x—l, i is a root b. f(x)=x4+2x3—5x2—14x—14, —1+iis aroot

6. Complete the table. To lessen the work considerably, fully factored form is given for some.

4 Function f (x) Factored Multil?licity of .Complex. ZG.I'(?S. Unique
Form each linear factor | incl multiplicities | Complex Zeros

a) 2x* —22x+20

b) —4x* +40x-100

C) 9x* —24x+16

d)| 4C+1202 1544 | (2x—1) (x+4)

e) | 8x" —60x> +150x—125 (2x-5)

f) xt+3x° —18x° xz(x+4)(x—3)

g) 4xt—x* -1

h) x4+ 2x 4+ x°

i) x* —256

7. Values of f (x) for successive values of x are given. Determine the degree of polynomial f (x) and find the

next values of 1 (x) .

a. —49,-18,-7, 4, 3, and 26. b. 61,11, 1,1, 5,31, 121
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Topic 1.6 —End Behavior — Classwork AP PRECALCULy

S
‘.‘¢!‘: M "/:

Even and Odd Functions: In mathematics, even functions and odd functions are functions
which satisfy particular symmetry relations. They are important in many areas of
mathematical analysis, especially the theory of power series (which you will learn in BC
Calculus) and Fourier series. Schwart

MasterMathMentor.com

An even function has the property that f (—x) =f (x) This means that for any value x,

plugging x and —x into f* gives the same results. This results in a graph that is symmetric
about the line x = 0, the y-axis. Whatever is in quadrant I goes to quadrant II and vice
versa. Whatever is in quadrant III goes to quadrant IV and vice versa. The simplest

example is the graph f (x) = x*, which we know graphs a parabola.

An odd function has the property that f (—x) =—f (x) . This means that for any value x, /

plugging —x into f gives the same results as taking the negative of 1 (x) . This results in a

graph that is symmetric about the origin. Whatever is in quadrant I goes to quadrant I11 2 q
and vice versa. Whatever is in quadrant II goes to quadrant IV and vice versa. The ;

simplest example is the graph f (x) =x", a cubic, shown to the right.

Any polynomial with the property that all of its powers of x are even is an even function. For instance,

f (x) =x®—5x* +4x* — 1, shown below, is even. The constant term —1 is really —1x°and zero is an even
number. Any polynomial with the property that all of its powers of x are odd automatically is an odd function.
For instance, f (x) =-2x"+5x’ —4x shown below is odd. A polynomial that mixes even and odd powers of

x is neither even nor odd. For instance, f (x) =3x’ —2x*> —4x—3 shown below is neither even nor odd.

Finally, there are graphs other than polynomials that are even and odd. For instance, the graph of
f (x) =3"+37* -7 shown below, is even.

N N
U8 I Y B W

f(X)=x6m—5x4+4x2—1 f(x):—Zx;+5x3_4x f(x):3x3_’2x2_4x_3 f(x):?;;(+3_x_7
Even Odd Neither Even

1) Determine whether the following functions are even, odd, or neither. Some are not polynomials.

# | f(x) | Classify | # f(x) Classify | # | f(x) | Classify
a) 1 d) xt-2x*-5 g) |x‘
b) | 3x+1 e) —x hy |27 -2
2_
¢) | x’—x )| X’ =2x>+5x -1 1) x4 !
x +1
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End Behavior
In our study of polynomials, we introduce a new term, end behavior. A loose definition of end behavior is what
happens to the y-value the larger or smaller the value of x. A better definition of end behavior is how the

function behaves when the variable x increases or decreases without bound.

To make the definition clear before we formalize it, let’s show several examples.

We start with f(x)=x?, our parabola as shown to the right. We know that the y—value gets
p g

larger the further to the right and the further to the left we go. Since it has degree 2, there
can only be one turning point (the vertex) and that is at the origin. So there is no chance that
the curve will suddenly change direction.

larger the further to the right we go and smaller the further to the left we go. Again, there is

Next, we look at 1 (x) = x°, our cubic as shown to the right. We know that the y—value gets . /
no chance that the curve will change direction.

We know that polynomials of degree n have at most n — 1 turning points so eventually, all
polynomials will go up to the right forever or down to the right forever. And all polynomials
eventually will either go up to the left forever or down to the left forever.

Here are some examples, some from previous pages.

T Y A T =41
VIV g~ BN

=—x"—x"+3x* +4x°

f(x)=—2x5+5x3—4x f(X):x6—5x4+4x2—1 f(x)=3x3—2x2—4x—3 f(x)
—x"—4x+6

We now introduce a term that you will use in AP Calculus right from day one. It is called /imits. The word limit
means a boundary. It is a point beyond which something may not extend. An age limit for an amusement park
ride usually depends on height. Someone lower than the height limit is not permitted on the ride.

In terms of our polynomials, we want to say that, since they go up or down forever as we go to the left or right,
they are limitless. In the parabola, y = x?, there is no positive value that y cannot reach eventually, 100, 1,000,
1 billion, ... there is no limit. Sometimes we say that the limit is infinity. But since infinity is not a number,
that is another way to say the value of y is limitless. Mathematically, we say lim = - . We read this as the

X—ro0

limit of f (x) as x approaches infinity is infinity. It is mathematical (calculus) jargon for saying that as x gets

infinitely large, the value of y gets infinitely large.

X—>o0

We need to be careful. lim f(x )= does not necessarily mean that as x gets bigger, f(x .
(.

gets bigger. In the example to the right, when x passes, 0.5, y gets larger. But y then
reaches a relative maximum and decreases again. However, eventually y increases without
bound. The graph does not seem to have any other turning points. That is why when
showing a graph, all of its important behavior must be visible.
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In the graph to the right, we say that lim /' (x) = —oo . We read this as the limit of (x) as x

X—>o0

approaches infinity is negative infinity. It means that as x gets infinitely large, the value of y

gets infinitely small.

In the graph to the right, we say that lim f (x) =oo. We read this as the limit of f (x) asx \
approaches negative infinity is infinity. It means that as x gets infinitely small, the value of y

gets infinitely large.

L

In the graph to the right, we say that lim f (x) = —oo. We read this as the limit of f (x) asx T
approaches negative infinity is negative infinity. It means that as x gets infinitely small, the /’\ A
value of y gets infinitely small. / \

How do we determine end behavior? We can start with the simplest functions, lines. Neglecting constants,
lines either go up to the right or down to the right. And that is dependent on its slope.

lim=o and lim =— ifm>0

X—o0 X—>—o0

Soif f(x)=mx+b:

lim=—-cand lim = ifm<0

X—>00 X——c0

Moving to quadratics graphing parabolas, they either open up or open down. We know that this behavior is

dependent only on the coefficient of the x* term. The other terms do not matter.

Ty=2x"-3x-2

N aR

Once we get into cubics or higher, we can use our calculators to graph the function. But since a polynomial of
degreen n has n — 1 turning points, it is difficult to know whether we are seeing the complete graph (one
showing all the zeros and relative maxima and minima). And so, determining end behavior based just on the
graph alone is difficult. Luckily, there is is simple theorem that allows us to determine end behavior.

lim=c and lim = ifa>0

X—>o0 X—>—oc0

x)=ax* +bx+c:
f( ) lim=—-oand lim =— ifa<0

X—>o0 X—>—o0

Like with the line and the parabola, the end behavior is solely dependent on two pieces of information: the
polynomial’s highest degree term (called the polynomial’s degree) in terms of even or odd, and the sign of the
coefficient of that term (the leading coefficient). This can be summarized in this table.

ax" n even n odd
[im (o)== )= _J
a positive }fﬂf(x)zm \ j xl_i)f_rje f(x) -/
NN ETCEIN
a negative lil’if(x) e / \ lil'i f(x) = \

This occurs because as the x-values increase or decrease without bound, the value of the highest power term

dominates the values of all lower-degree terms combined. So ultimatately 0.0000001x* will be greater than

1000000x° . It may take a very large x for this to occur, but since x can get infinitely large, it will eventually
happen. Realize also that the term “end behavior” is misleading. A polynomial graph doesn’t end.
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2) Match the graph to the only possible function.

a)

3) Describe the end behavior of the following functions.

y=—(x+1)2
y=—()c+l)3
y=—(x+1)4
y=—(x+l)5
y=-3x"-3x-3

y=2x*+7x"-5
y=—x-2x"+x" -1
y=2x"+3x"=5x-2

a) f(x)=-2x"+4x-3

d) f(x) = (—x5 —3x*+2x7 - l)3

© www. MasterMathMentor.com

d)

f)

y=-2x"-8x"-3
y=3x"+2x"-6x>+1
y=3x"—6x"—4x-1

y= —(x2 — 2x)2

y=(x—0.1)c4)2
y=(x—0.1x4)2
y=—(x—0.1x3)3

y=()c—0.1x3)3

b) g(x)=0.5x"-6x"—x

e) g(x)z —(5—3x2 —x4)5

Unit 1 p. 42

f)

X
ol 1 2 3\4 s
1
2
3
4
5

h(x) = —(?ax4 - 1)2

h(x) = (x2 —Tx— 3)0
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Topic 1.6 — End Behavior — Homework

1. Determine whether the following functions are even, odd, or neither. Some are not polynomials.

#1  f(x) |Classify | # f(x) Classify | # | f(x) | Classify
a.| 2-8x d.| 3x*=5x"+1 g. |1—x‘

b.| 0.1x>=0.5 e.|  2x-5x h| [1-x)

c. X +3 £ x"+x=3x—1 1. (x3+x)2

2. Match the graph to the only possible function.

y=(1-x) \ i+ y=x(x'-4) /\/\

o y=(cxmt] el b y=—x(x+4) SEEEEaic
y=(x+1)3 : y=—x2(x2—4) / t \
y=-2x*(x"=3x-2) / y=—x*-9x?—4 \ }

c. y:O.4(x3—x)—2(x+l) - — d y=x"+x"+2x"-3 - L\J BEE

/ :\/ y=x"+x"+2x’-3x-3

y=-2x" (x—3)

y=(1+0.5x) \ y==3{x'=x) :
e. y=(1-05x) TN £oy=(2s-x) e ey
y=(1-0.5x)"(1+0.5x) f \ y=(250-x) ; \

3. Describe the end behavior of the following functions.

a. f(x):2x4+4x3—5x2—x—1 b. g(x)=—6x7—3x2+x C. h(x):(\/;—l)m
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