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We have spent time learning the definitions of trig functions and finding the trig functions of 
both quadrant and special angles. But what about other angles?  To understand how to do 
this, and more importantly, why we do it, we re-introduce a concept called the unit circle.  A 
unit circle is a circle whose radius is one. 

 
To the left is a unit circle. The angle  is drawn in the first quadrant but could be drawn 
anywhere.  Suppose . If we were to find , we know that it would be defined as 

.  So, when we take , we are finding the height of the triangle in a unit circle. 

The same argument holds when we take  … we are actually finding the 2 variable in 
a unit circle. When we take , we are finding the ratio of 3 to 2 in a unit circle. 

 
90.$":$%&23,%1$",+&
&
The trig functions are periodic. That means that its values repeats at regular intervals. We have touched on this 
before because adding or subtracting  to an angle does not affect any trig function on that angle.  This will 
be examined in greater depth in our section on graphing trig functions. For now, we are concerned in actually 
finding the values of trig functions at angles that are not quadrant angles or the friendly angles. Years ago, 
tables at the back of a textbook were used to find these irrational numbers accurate to 4 decimal places. Today, 
calculators do the work instantly to any accuracy we desire. 
 
2$,:$,-&1;0&<6530+&"=&!.$-&23,%1$",+&>&
&
Depending on the types of problems you are facing, you need to decide whether the angles 
you are working with are mostly in degrees or radians. In this unit, most of the time, angles 
will be given in degrees so you should use your MODE button to change the input to 
degrees.  This means that when angles are input to the calculator, they will be in degrees. 
Also, when angles are found, they will be measured in degrees. 
 
On your calculator, be sure you are in Degree Mode and set your decimal accuracy to 
FLOAT.  Use your calculator to find  and . Remember what it is you are 
finding: the 3 and 2 variables in the triangle above.  And since , 
let us show that the Pythagorean theorem holds in this triangle based on the unit circle. 
 
Taking trig functions on the calculator is straightforward: type in the trig function (you will get a left 
parentheses) and the angle. You do not need to complete the parentheses. Press ENTER and out it comes.  
Although we can get extreme accuracy, we will find that four decimal places are usually enough. So set your 
calculator to 4 decimal places.  Remember that angles are assumed to be in radians unless in degree mode. 
 
Example 1)  Find the following:   
 a)     b)     c)  

In the case of  , the angle  is clearly in radians.  To use the calculator, you  
could temporarily switch back to  RADIAN mode. But while you are in DEGREE mode, 
you can calculate by using option 3 of the 2nd ANGLE menu. Note the double parentheses. 
If angles are input with more accuracy, it is assumed that they are in decimal degrees. Note that parentheses can 
be used to make the problems clearer in intent. 

� 

θ
  

� 

! = 40¡   

� 

sin40¡

    

� 

y
1

= y   

� 

sin40¡

  

� 

cos40¡
  

� 

tan40°

360¡

  

� 

sin40°   

� 

cos40°
    

� 

x = cos40¡  and y = sin40¡

sin29¡ cos131¡ tan 7! 8( )
tan 7! 8( ) 7π / 8

tan 7! 8( )
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Example 2)  Find the following:   
 
 a)     b)           c)  
 
If trig functions of angles that are in degree-minute-second form, use the Angle menu to input 
them. Remember that seconds are input with ALPHA +. To find , you input to 
the calculator thusly:  
 
Example 3)  Find the following:   
 
 a)     b)         c).  
 
Note that there are no keys for the csc, sec, or cot functions on your calculator. To find 
them we have to use the fact that sin and csc functions are reciprocals of each other, as are 
the cos and sec functions, and the tan and cot functions.  There are three ways to find, for 
example . Take  and then take its reciprocal or simply finding 1/ .  The 
screen on the right shows these two methods.   You could also find  and then press 
the reciprocal key . 
 
Example 4) Find the following: 
 
 a)     b)     c)  
 
 d)    e)    f)  
 
?,@0.+0&!.$-&23,%1$",+&
 
Recall our study of inverse functions.  We defined  as a function than “undoes” 4.  It is written as a 

composition of functions  .  However, that was only true with one-to-one 
functions.  The trig functions sine, cosine, and tangent are not one-to-one functions.  For instance, we know that  

 but . Since the trig functions are periodic, there are an 

infinite number of angles for which its sine is 0.5.  Hence the inverse trig function which we will call  or 
arc sin is not a function.  Still we can find the using the calculator. 
 
To understand how the calculator works, let’s examine the quadratic .  There are two ways to solve this 
problem:  Factoring:   or taking the square root. . 
However, technically, this is incorrect. The square root of 4 is 2, not . In reality, the correct statement is 

. 
 

The calculator certainly knows that  . But the quadratic is not a one-to one function. When we 

ask for , it cannot give 2 answers.  It gives the positive one – which is called the principal square root of 2. 
The same thing happens when we ask the calculator for an inverse trig function. Even though there are an 
infinite number of angles whose sine is 0.5, it only gives one, or the decimal equivalent of  if the 

tan12.8° sin −32.35°( ) cos 0.724°( )

cos38°4 ′0 2 ′′9

sin82°1 ′2 cos126°4 ′2 5 ′′3 tan −8°5 ′7 1 ′′6( )

  

� 

csc37°   

� 

sin37°   

� 

sin37°
  

� 

sin37°
    

� 

x−1

csc81° sec122° cot34.2°

sec338.292° cot14°2 ′9 3 ′′6 csc149°5 ′′0

f −1 x( )
f f −1 x( )( ) = x and f −1 f x( )( ) = x

sin30° = 1
2

sin150° = 1
2
,sin390° = 1

2
,sin870° = 1

2
,...

sin−1

sin−1 0.5( )

x2 = 4
x2 − 4 = 0⇒ x + 2( ) x − 2( ) = 4⇒ x = ±2 x2 = 4⇒ x = ±2

±2
x2 = 4 ⇒ ±x = 2 and x = ±2

−2( )2 = 4 y = x2

4

30° π 6
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calculator is set to radians.  We will examine this process more closely when we graph trig functions, but for 
now, know that the calculator will return a value for an inverse trig function closest to 0.   So while 

, when asking for the inverse tangent of –1, the calculator gives  as that is the 
angle closest to zero whose tangent is –1. 
 
The terminology for inverse trig functions has changed. Inverse sine used to be written as arcsin.  It is a little 
easier to say than inverse sine.  However, most books, including this manual, mainly use  although you 
should recognize the other form. This is the form the calculator uses as well. These functions are found on your 
calculator above the sin, cos, and tangent keys.  We use the blue (2nd) key to input them. 
 
For instance, let us find the first quadrant angle whose sine is 0.7523. Note the screen on the 
right. Our answer would be  (expressed in decimal degrees).  If we wanted our answer 
in degree, minute, second format, we can accomplish that by using the Angle menu.  
 
Example 5) Find the following (decimal degrees): 
 
 a)     b)    c)  
 
Example 6) Find the following (Degrees – minutes – seconds) 
 
 a)    b)     c)   
 
A common mistake for students is mistaking the cosecant function for the inverse sin function.  They are 
completely different entities.  The cosecant of an angle is the reciprocal of the sine of that angle. The inverse 
sine takes a number back to angle. It is important to understand this as the procedure you use on the calculator 
to compute either is radically different. 
 
Finally, if we wish to find an arccsc, arcsec, or arctan function, again, there is no one 
keystroke that will give it to you. To find , for instance, we must first take the 
reciprocal of 2.3552, and then take the arcsin of that.  On the right is the way you would 
accomplish this (with the optional changing into degrees-minutes-seconds):  
 
Example 7) Find the following (decimal degrees): 
 
 a)     b)    c)  
 
Example 8) Find the following (Degrees – minutes – seconds) 
 
 a)    b)     c)   

 
AB"31&0..".+&
 
Your calculator can take trig functions and arc trig functions to extreme accuracy. However, if you input the 
problem into the calculator incorrectly, one of two things will happen.  First: an error.  Assuming you typed it in 
the correct syntax, the calculator is telling you that it cannot perform the operation.  This is actually good for 
you. For instance, if you do a problem that you believe requires taking , the calculator gives you a 
domain error because we know that the cosine of any angle cannot be greater than one.  Hopefully, you would 
be smart enough to realize what is happening.  The logic telling you to calculate  is faulty.  

tan135¡ and tan315¡ = ! 1 ! 45¡

sin−1

  

� 

48.79¡

sin! 10.9099 arccos0.4231 tan! 11.8089

cos−1 0.4998 sin−1 0.0809 arctan −4.002( )

  

� 

csc−1 2.3552

sec−11.76 arccot3.4221 csc−11.1102

arccsc3.8621 cot−1 0.7501 arcsec −5.8621( )

  

� 

cos−11.4231

  

� 

cos−11.4231
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But, second, if you input the problem incorrectly into the calculator and the calculator can perform the 
operation, you will get an answer and 3-5"#677"8)76)9)"6(. For instance, suppose you wanted to find .  
The correct way to accomplish this is on the screen below on the left.   But many students know that a 
reciprocal is needed and do the steps on the right. They write down their answer of  and they never 
know they are wrong. That is why it is vital that you learn these steps now and learn them well. 
 

       
    right way of calculating       wrong way of calculating  
 
Prove to yourself that sin and  are indeed inverses by taking the sine of an angle and 
immediately taking the inverse sin of that answer.  Or reverse the process. In both cases, 
you should end up with the value you started. Note that you must use the ACD key on 
your calculator to achieve this effect. Type in the value and you will not get the number 
you started with because of round-off error. This is a good way to determine whether you 
truly understand how to take trig functions and inverse trig functions using the calculator. 
 
D"5@$,-&E$-;1&!.$6,-50+&>&
&
In geometry, you spent time on congruence of right triangles. In trigonometry, we go 
further.  Not only do we have congruence but we can find out all the other 
information about the triangle – that is: '-796,:"(+)"(*6&,:7).  
 
If we know two pieces of information about a right triangle, we can solve that triangle – that is find all the 
missing information from that triangle.  For this section, we will make some generalizations: that the triangle 
will be labeled  where the side opposite angle A is labeled &, the side opposite B is labeled 8 and the 
right angle is angle C and the hypotenuse is labeled . . 
 
We can solve right triangles if we are given  
 

a) an angle and the hypotenuse    b) the angle and a leg 
c) a leg and the hypotenuse    d) two legs   
 

Our tools will be the trig functions and the Pythagorean Theorem: .  A scientific calculator (not 
necessarily a graphing calculator) is needed, 
 
You should always start by drawing a picture of the given information. While it doesn’t have to be to scale, it 
should be somewhat close. Work should be shown, and answers placed in appropriate places.  We assume that 
accuracy in sides is two decimal places and angles are to be in decimal degrees (if an angle is given in degree, 
minute, second format, assume that the other angle should also be in that format). While your calculator is best 
left in radian mode, for these problems it is recommended that you switch to degree mode.  
 
To best understand the process, expect problems in this manual to be given in 
this format: Draw the picture and do the work on the right side. While the 
calculator does the number crunching, you /5'(  show how you are calculating 
the answers 

  

� 

cot−1 3.5

  

� 

0.0135°

  

� 

cot−1 3.5   

� 

cot−1 3.5

  

� 

sin−1

ΔABC

    

� 

a2 + b2 = c2
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When we solve a right triangle, we prefer to use given information rather than values we just found. If there is a 
mistake in information found, any subsequent calculation using that information will also be wrong. Solving 
right triangles can always be found using just the given information.  If a value found on the calculator must be 
used, it is best to store it (STO) as a variable so you will always have as much accuracy as possible. 
 
While checking work is not necessary, it assures you that you have the correct answer and takes only few 
seconds. If you didn’t use the Pythagorean theorem in your solution, you can check the sides by using it. And 
while the hypotenuse must be the largest side, the smallest side must be opposite the smallest angle. However 
the legs of the right triangle will not be proportional to the angles. For instance in a triangle, the 
ratio of   is 2 to 1 but the ratio of sides is to 1.  
 
Example 9)  Angle and hypotenuse 
 
 

!!!!!!!! !

!
_______________________________________________________________________________________ 

 
Example 10)  Angle and leg 
 
 

!!!!!!!!  

_ 
_____________________________________________________________________________________ 

 
Example 11)  Angle and leg 
 
 

!

!
______________________________________________________________________________________ 

 
Example 12) Leg and hypotenuse 
 
 

 

 

30¡ ! 60¡ ! 90¡

60¡ to 30¡ 3

A = 21¡                         a = 

B =                                b = 

C = 90¡                         c = 14

A = 77.2¡                      a = 29.5

B =                                b = 

C = 90¡                         c = 

A = 38¡1 !2 4 !!4                a = 102.35 mm

B =                                 b = 

C = 90¡                          c = 

A = 38¡1 !2 4 !!4                a = 102.35 mm

B =                                 b = 

C = 90¡                          c = 
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Example 13) Leg and leg (Deg, Min, Sec) 
 

!

!
______________________________________________________________________________________ 

&
F351$GD10#&9."B50/+: 
 
Example 14) Consider the picture below. I want to find the length of segment AB.  Suppose 

. Do the necessary work on the right to find .  
 

            
 
 
 
 
 
 
 
 

 
Example 15) Let’s tweak the problem slightly.  I want to find the length of segment CD. 

. Note that we do not have any information about sides of either right triangle.  
And yet, it is possible to solve this problem.  How? 
 

     
 
 
 
 
 
 
 
 

 
Example 16)   
 

A =                                 a =  2 feet
B =                                  b =  15 inches
C = 90°                           c =  

    

� 

∠A = 25°,∠B = 40° and BC = 12   

� 

AB

    

� 

∠A = 25°,∠B = 40° and AB = 12

Using the same picture and in terms of ∠A, ∠B,  and AB, write a formula for CD.
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F":05$,-&E065GH$=0&A##5$%61$",+&*+$,-&E$-;1&A,-50&!.$-&>&
&
Guidelines for solving a triangle problem: 
 

• Read through the problem, several times if you have to. 
• Draw a sketch of the problem situation. Don’t be afraid to make it large. 
• Look for right triangles and sketch them in. 
• Mark the known sides and angles and unknown sides and angles using variables. 
• Express the desired sides or angles in terms of trig functions with known quantities using the  
   variables in the sketch. 
• Solve the trig equation you generated and express the answer using correct units. 
• Answer the question asked and be sure it makes sense. 

&
D3.@0I$,-&9."B50/+:  Surveying is the technique and science of determining the positions or points on earth 
and the distances and angles between them. 
 

17) I am standing at point ;  on one side of a river and wish to measure the distance across a river to a house 
<  on the other side. I walk 50 feet along the riverbank to point = and measure the angle ;=<  to be 

. Find the distance across the river (assume a right triangle). 
 

            
 
 
 
 
 

18) A guy wire must be attached to a 50-foot pole.  The angle that the guy wire must make with the ground 
has to be .  Find the length of the wire required to do the job. 

 
 
 
 
                
 
 
A,-50&"=&J50@61$",&6,:&K0#.0++$",L  As a person at point A looks up at point 
B> an &,:7)"-4")7)9&(6-, with the ground is created.  When B looks down at 
point A, an &,:7)"-4"?)0*)''6-,  is created (with the horizontal).  These angles 
are congruent.  Why?                                      Angles of elevation and 
depression are always created with the horizontal.   
  

19) A device for measuring cloud height at night consists of a vertical 
beam of light that makes a spot on the clouds. That spot is viewed from a point 140 feet along the 
ground and the angle of elevation is . Find the height of the cloud. 

 
 
 
  

  

18°2 ′3

  

� 

75.5°

  

� 

64°4 ′ 0 
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20) While standing on a cliff 163 feet above the ocean, I see a sailboat in the distance at an angle of 
depression of .  What is the horizontal distance to the sailboat? 

 
 
 
 
 
 
 
21) A wire holding up a 40-foot telephone pole is 38 feet long. The wire attaches to the telephone pole 10.5 

feet below the top. What is the angle of elevation of the wire? 
 
                  

 
 
 
 
 
 

22) From a window in building A, I observe the top of building B across the 50-foot wide street at an angle 
of elevation of . I observe the base of building B at an angle of depression of . Find the 
height of building B. 

 
 
 
 
 

                 
 

M06.$,-&6,:&4"3.+0L  When ships or planes navigate, they need to have a simple way of explaining what 
direction they are traveling.  One way is called bearing. The 8)&*6,: is in the form (N or S angle E or W).  
A bearing is always drawn from the nearest north or south line.  Bearings are still used in ship navigation. A 
+)&?6,: (or .-5*') ) is always drawn from the north line in a clockwise direction. Headings are always used 
in referring to the direction of an airplane so there is no having to interpret words like north, south, east and 
west which could get garbled over a radio.  The term &@6/5(+ also means heading but is rarely used. 
 
Following are the directions of a ship or plane, the bearing and course (heading). 
 

 

� 

21.2¡

  

� 

74¡2 ! 5   

� 

52¡1 ! 8 
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Tip: in word problems, whenever you see or are asked for a bearing or heading, always look for the word 
“from” and draw a 3-axis at that point.   
 
Tip: if the bearing from A to B is , the bearing from B to A will be the same angle but the opposite 
direction: .  If the heading from A to B is , then the heading from B to A is either , 
whichever is less than . 
 

23) A jeep leaves its present location and travels along bearing  for 29 miles. How far north and 
west of its original position is it? 

 
 
 
 
 
 
 
 
 

24) An airplane leaves an airport and travels due east for 255 miles. It then heads due south for 330 miles. 
From its current position, along what course should it travel to reach the airport and how far is it? 

 
 
 
 
 
 

 
 
 

25) Two small boats leave an island at the same time. Boat ;  travels due North for 21 miles and Boat = 
travels due west for 18 miles.  How far apart are the boats and what is the bearing of boat A from boat 
=?  How about the bearing of boat = from boat ; ? 

 
 
 
 
 
 

 
 

26) A plane leaves an airport and travels 2 hours along heading  at 175 mph. It then turns onto heading 
 and travels 2.5 hours at 200 mph.  How far from the airport is it and from that position, what is the 

heading back to the airport? 
 

      
& &

N θ E
SθW θ θ +180° or θ −180°

360°

� 

N62°W

  

� 

120°
  

� 

30°
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!.$6,-3561$", &>: Triangulation is the process of determining the location of a point by forming triangles to the 
point from known points. This method uses right triangle trig. Later in unit 3.6, we will find a simpler way to 
handle triangulation problems. 

 
27)   Two people, a mile apart measure the angles from land to the ship as 

shown in the figure to the right. How far is the ship from land? 
 
         
 
 
 
 
 
 
 
 
 
 
 
28)   Police want to determine the position of a suspected drug dealer.  They will use triangulation with two 

cell towers 10 miles apart on an east-west line. Using his cell phone signal, they determine that his 
location is on heading  from cell tower A and heading  from cell tower B.  How far is the 
drug dealer from tower A? 

 
   
 
   
 
 
 
 
 
 
 
29) Scott is hiking alone and gets hurt. Luckily, he has a GPS device that is constantly putting out a signal. 

Ranger station B is 20 miles away from ranger station A and is on heading . From station A, Scott’s 
GPS device is located along heading . From station B, the GPS device is located along heading

. How close is the nearest ranger station to Scott? 
             

12¡ 305¡

143¡
164¡

277¡
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!"#$%&'('&) &*+$,-&!.$-","/01.$% &23,%1$",+&) &N"/07".8 &
&

1.  For each problem, calculate the answer to 4 decimal places. In the case of inverse trig, assume decimal 
degrees unless otherwise stated. If a problem is impossible, state so.  (answers are given on the last page of 
this packet because you need to know whether or not you are getting these correct). 
 

O& 9."B50/ & A,+70. & & O& 9."B50/ & A,+70. &
a.    m.   
b.    n.   
c.    o.   
d.    p.  DMS  

e.    q.  DMS  

f.    r.     
g.    s.   
h.    t.   

i.    u.   
j.    v.  DMS  
k.    w.   DMS  
l.    x.   DMS  

 
2.  Solve the following right triangles. Sides to 3 decimal places, angles in decimal degrees unless otherwise  
     stated. Show how you got your answers. 
 
 

a.               

 
 
_________________________________________________________________________________ 
 

b.    

 
 
_________________________________________________________________________________ 
 

c.    

!
!

 

  

� 

sin82¡ sin! 10.5
  

� 

cos77¡   

� 

cos−10.1976
  

� 

tan13.6¡   

� 

arctan 6
  

� 

cos25¡1 ′ 2 
  

� 

arccos1.3761( )
tan225¡2 !8 4 !!9

  

� 

arcsin0.7901( )
sin95°3 ′′0   

� 

tan! 1 103

  

� 

csc49¡   

� 

csc! 14.25

  

� 

sec−24°( )   

� 

sec−1 0.275
cot0.543° arccot 2
sec45°1 ′8 ′′9

� 

arcsec 3.895( )
csc11°5 ′′9   

� 

cot−1 5
cot2

� 

arccsc 2.95( )

A = 62°                          a =
B =                                 b =
C = 90°                          c = 20

A =                                a = 
B = 31°3 ′2                      b =
C = 90°                          c = 7.24

A = 29.3°                       a = 
B =                                 b = 13.5
C = 90°                           c =
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d.    

 
 
_________________________________________________________________________________ 
 

e.     

 
 

_________________________________________________________________________________ 
 

f.                  

 
 

_________________________________________________________________________________ 
 

g.       

!
!!!!!!
!

_________________________________________________________________________________ 
 
    3.  In the figure below find segment CD if  
 
 
  
 
 
 

 
 

  

A =                             a = 
B = 68.25°                      b = 2.45 inches
C = 90°                           c = 

A =                                 a = 8
B =                                 b =
C = 90°                           c = 17

A =                                 a = 9.25
B =                                 b = 8.75
C = 90°                          c = 

A =                               a = 2.25 miles
B =                               b = 8,000 feet
C = 90°                         c =

    

� 

∠A = 27°,∠B = 51° and AB = 8.2 miles
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For each word problem, draw a picture, fill in given sides and use variables for sides and angles you don’t 
know, then show equations (and/or trig functions) to find out the desired information and circle your answer(s) 
being sure to use proper units. 

 
4.  A surveyor wants to determine the horizontal distance that the top of a slope is from a tall house at the 

bottom of the slope.  He measures the distance along the slope to be 125 feet. The angle of depression 
created from the top of the slope to the top and bottom of the house is . Find the horizontal distance 
from the top of the slope to the house. 

 
 
 
 
 
 
 

5.  What is the angle of elevation of the sun when a 6’3” man casts a 10.5-ft shadow? 
 
 
 
 
 

 
 
6.  A street in San Francisco has a 20% grade – that is it rises 20 feet for every 100 feet horizontally. Find   
     the angle of elevation of the street. 

 
 
 
 
 

 
 

 
7.  A kite is 120 feet high when 650 feet of string is out. What angle of elevation does the kite make with the  
     ground? 
 
 
 
 
 

 
 

8.  From a weather balloon 2,500 ft high, a command post is seen with an angle of depression of . How  
     far is it from a point on the ground below the balloon to the command post? 

 
 

 
 
  

  

� 

17°

  

� 

8°4 ′ 5 
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9.  An observer on a ladder looks at a building 100 ft away, noting that the angle of elevation of the top of 
the building is  while the angle of depression of the bottom of the building is . How tall is 
the building? 

 
 
 
 
 
 
 
 

 
 
10.  From a plane 2 miles high, the angles of depression to two towns in line with each other and on the 

same side of the plane are  and . How far apart are the two towns? 
 

 
 
 
 
 
 
 

 
 
11.  Jay and Sam who are both on one side of a 180-foot hill are staring at the top.  Jay, who is nearer the 

hill sees the top of the hill at an angle of elevation of  while Sam, who is further from the hill 
sees the top of the hill at an angle of elevation of . How far apart are Jay and Sam? 

 
 
 

 
 
 
 
 
 
 

 
12.  Jay and Sam are still staring at the top of the hill. Jay and Sam are 75 feet apart. The angle of elevation 

of the top of the hill for Sam is  while the angle of elevation of the top of the hill for Jay is . 
Find the elevation of the hill. 

 
 
 
 
 

 
 
 

  

� 

28°4 ′ 0   

� 

7°3 ′ 0 

  

� 

82°5 ′ 5   

� 

12° ′ 8 

  

� 

72°5 ′ 8 
  

� 

41°2 ′ 3 

  

� 

22°   

� 

57°
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13.  An airplane travels at 165 mph for 2 hours in a direction of  from Chicago. How far south and 
west is the plane from Chicago? 

 
 

 
 
 
 
 
 
 
 

 
14.  An airplane travels at 445 mph for 4.5 hours in a direction of  from Seattle. How far south and east 

is the plane from Seattle? 
 

 
 
 
 
 
 
 
 

 
 
15.  A ship leaves a port at 1:00 PM traveling at 13 knots directly north. Another ship leaves the same port 

at 2:00 PM traveling due east at 15 knots. At 9:00 PM, how far apart are the ships?  Along what 
heading will the northern ship have to travel to reach the eastern ship which is now stopped? 

 
             
 
 
 
 
 
 
 
 

16.  A man is orienteering (traveling through forest area with only a compass). He leaves his base and 
travels due north for 2.5 miles. He then travels due west for 0.8 miles. He then travels due south for 4 
miles. How far is he from his base and along what heading must he travel to reach it?  If he is injured 
and needs help, along what heading must people travel from his base to reach him? 

 
                  

 
 
 

  

242°

  

� 

124°
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17.  A small Cessna plane leaves West Palm Beach and travels 99 miles east to Freeport, Grand Bahama. It 
then heads due south for 123 miles where it crashes into the ocean. The people are rescued quickly but 
the plane’s owners wish to salvage items from the plane. If they travel to the crash site from West Palm 
West Palm Beach, how far and along what heading will the helicopter have to travel? 

 
 
 
 
 
 
 
 
 
 
 
 

18.  John and Ellen have a big fight and swear they will never talk to each other again. John leaves the 
airport traveling 180 miles along heading 25o. Ellen leaves the airport and travels 580 miles along 
heading 295o. If Ellen decides she was wrong and decides to catch a flight to John that can travel at 500 
mph, how long will it take her to fly into his arms? 

 
     

 
 
 
 
 
 

 
 
 

19.  Police car B is 8 miles away and on heading  from police car A. Both cars simultaneously receive a 
call for help from a cellphone but the call is dropped before location can be given. From police car A, 
the phone is located along heading . From police car B, the phone is located along heading . If 
the police can average 40 mph, how long will it take the closest police car to reach the phone? 

 
 

      

45°

73° 214°
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Answers to Problem 1 
 
 

O& 9."B50/ & A,+70. & & O& 9."B50/ & A,+70. &
a.  0.9903  m.   
b.  0.2250  n.   
c.  0.2419  o.   
d.  0.9048  p.  DMS impossible 

e.  1.0169  q.  DMS  

f.  0.9962  r.     
g.  1.3250  s.   
h.  1.0946  t.  impossible 

i.  105.5139  u.   
j.  1.4217  v.  DMS  
k.  5.2331  w.   DMS  
l.  –0.4577  x.   DMS  

 

  

� 

sin82¡ sin! 10.5   

� 

30¡

  

� 

cos77¡   

� 

cos−10.1976   

� 

78.6034¡
  

� 

tan13.6¡   

� 

arctan 6   

� 

67.7923¡

  

� 

cos25¡1 ′ 2 
  

� 

arccos1.3761( )
tan225¡2 !8 4 !!9

  

� 

arcsin0.7901( ) 52°1 ′1 4 ′′1

sin95°3 ′′0   

� 

tan! 1 103   

� 

65.1012°
  

� 

csc49¡   

� 

csc! 14.25   

� 

13.6090°

  

� 

sec−24°( )   

� 

sec−1 0.275

  

� 

cot0.543° arccot2   

� 

26.5651°
sec45°1 ′8 ′′9

� 

arcsec 3.895( ) 75° !7 2 !!4
csc11°5 ′′9   

� 

cot−1 5 24° !5 4 !!1
  

� 

cot 2

� 

arccsc 2.95( ) 19°4 !8 5 !!4



!"###$%&'()*%&(+%),(-*$.-/ "                     Unit 3  p.                                                             !""#$%""(-"0-'("-,"1,()*,)(  41  

!"#$%&'(P&) &Q.6#;+&"=&!.$-&23,%1$",+&) &456++7".8&
 

In this section, we are concerned about the graphs of the sine and cosine function.  
 
For each of the angles below, calculate the values of sin 2 and cos 2 (2 decimal places) in the 
table and graph the points on the graph below. 
 

2" 0o 30o 45o 60o 90o 120o 135o 150o 180o 210o 225o 240o 270o 300o 315o 330o 360o 
                  

                  

 
What you are seeing are the graphs of the sine and cosine functions. Since the function values repeat, you see 
one cycle or one period of the curve. We call these curves 0)*6-?6. because of their repetitive nature and know 
that all characteristics of the curve such as intervals of increase and decrease, concavity and rates of change 
repeat in every period of the function.  Their periodic nature gives them great many uses in the real-world. 
 
Let us look at these curves on the calculator.  For right now, let’s stay in degree mode.   
 

         
 
Let’s note the similarities and differences of the sine and cosine curves: 
 Similarities      Differences 
            Shape the same     the sine curve “starts” in the middle 
            Same absolute maximum and minimum (1 and –1) the cosine curve “starts” at the top 
            Switches concavity every      Sine curve inflection pts  
 Intersects with the other every    Cosine curve inflection pts  
 Axis of symmetry is the 2-axis    
 
Since the curves are similar in shape, we call them '6,5'-6?' . 
Note that since these are periodic functions, we can look at as many periods as we wish: 
 

             
2 periods of sine    3 periods of cosine 

    

� 

y = sin x
    

� 

y = cos x

180° ...,0°,180°,360°,...
180° ...,−90°,90°,270°,...

sin x is an odd function, cos x is an even function
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Also notice that we can graph both the sine and cosine function in radian mode: 
 

             
 

the window was set up with Xmax as   and Xscl as                    ZoomTrig (Degree)   ZoomTrig (Radian) 

While we will be exploring most of our graph at first in degree mode, please realize that graphs scaled correctly 
should be graphed in radian mode because you are comparing numbers on the 2-scale to numbers on the 3-scale. 
Graphing in Degree mode is comparing degrees on the 2-scale to numbers on the 3-scale. 
 
When we graph a sinusoid within its primary period of , there are 5 points that help us in 
sketching the curve. We call them the .*6(6.&7"0-6,(' of the sinusoid. By definition, the critical points are the 
points in which the curve either crosses its axis of symmetry, reaches a high point (maximum) or low point 
(minimum). 
            Radians or Degrees 

  
 

 
 

 

  
 

   

   
 

 
   

          

                                 
 
It should be pointed out that the scale of the above graphs is not correct. 
We see one cycle of the sine curve and cosine curve from 2 = 0 to 2 = 
(or about 6.28). It is obvious that the 3-axis is not to that scale. Since one 
cycle of the curve is 2A>"and the graph’s max and min are 1 and –1, 
graphing both curves to scale means that the graph should be about 3 times 
as wide as it is high as shown to the right. As these curves are tweaked in 
the following section, we tend to choose a scale that best shows the behavior of the curve and do not worry 
about drawing it to proper scale.  

2! !
2

0,2!!" )  or 0¡,360¡!" )

  

� 

0 or 0¡ !
2

 or 90¡
! or 180¡ 3!

2
 or 270¡

2!  or 360¡

    

� 

y = sinx
  

� 

0,0( ) or 0¡,0( ) !
2

,1
!
"#

$
%&

 or 90¡,1( ) ! ,0( )  or 180¡,0( ) 3!
2

,! 1
"
#$

%
&'

 or 270¡, ! 1( ) 2! ,0( )  or 360¡,0( )

    

� 

y = cosx
  

� 

0,1( ) or 0¡,1( ) !
2

,0
!
"#

$
%&

 or 90¡,0( )
! ,! 1( )  or 180¡, ! 1( ) 3!

2
,0

!
"#

$
%&

 or 270¡,0( ) 2! ,1( )  or 360¡,1( )

    

� 

y = sinx     

� 

y = cosx

2π
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A/#5$13:0 
 
Now that we know the shape and behavior of the sine and cosine curves, we will now do some things to alter 
that behavior using transformation techniques similar to the ones we used for linear, polynomial, and 
exponential functions.  Our goal is to predict the shape of the curve without resorting to actually graphing it. 
 
On your calculators, graph the curves  in degree 
mode on the window below. 

    
Notice that by changing the coefficient of the function, we control its scaling factor – a vertical stretch or 
vertical shrink of the basic sine curve. This is called a ?67&(6-,.  We call this the amplitude of the curve: the 
height of the curve above its axis of symmetry. 
 

The &/076(5?) of  is the largest value of 3 and is given by . 

The range of the curve is .  

We define the shape of the curve using this generalization:  

We define vertical stretch using this generalization:  

 
Example 1)  For each of the curves below, find the amplitude, range, and 5 critical points (using degrees). Then 
graph it on the calculator using an appropriate window to verify the behavior of the graph. 
 

 

&
&

y = sin x, y = 2sin x, y = 4sin x, y = −3sin x and y = −0.5sin x

    

� 

y = a sin x or y = acos x   

� 

a

− a , a⎡⎣ ⎤⎦

    

� 

a > 0...curve normal
a < 0...curve reversed

⎧ 
⎨ 
⎩ 

  

� 

amplitude > 1...vertically stretch
amplitude < 1...vertically shrunk
amplitude = 1...no vertical change

⎧ 

⎨ 
⎪ 

⎩ 
⎪ 

Curve Amplitude Range Critical points Shape Vertical
a) y = 3cos x

b) y = −2sin x

c) y = cos x

d) y = 7sin x

e) y = 2
3

sin x

f) y = −π cos x
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90.$": &
&
On your calculators, graph the curves  compared to  using degree 
mode and the window below. 

!!!!!!!!!! !!! !
 

                
 
Notice that by changing the coefficient of the 2-variable, we control the number of cycles of the curve we 
produce.  In , when the coefficient of 2 is 1, we get one cycle within . In , we get two 
cycles within . Thus, we also change the 0)*6-? of the curve, the number of degrees (or radians) the curve 
takes to complete one cycle. 
 

The 0)*6-? of is the number of degrees (or radians) the curve takes 

to complete one cycle. It is found using this formula:  

We define the horizontal stretch in words:  

 

To find the 5 critical points, we use  whether we are 

in degrees or radians. An easy way to do this is to find the middle critical point first which 
is half of the period. The 2nd  critical point is half of that number. The 4th critical point is 
the sum of the 2nd and 3rd critical points.  

 
If the period is , the smallest critical point is , the 3rd critical point is half the period or , the 2nd 
critical point is half of or  and the 4th critical point is . So the critical points are 

 

y = sin2x, y = sin4x, y = sin0.5x y = sin x

    

� 

y = sin x   

� 

360°     

� 

y = sin2x
  

� 

360°

    

� 

y = sinbx or y = cosbx

Period =

360¡
b

 for degrees

2!
b

 for radians

!

"
##

$
#
#

period < 360¡ or 2!( )  ... compressed

period > 360¡ or 2!( )  ... elongated

period = 360¡ or 2!( )  ... none

!

"
##

$
#
#

� 

0, 
period

4
, 

period
2

, 
3period

4
, period

480¡ 0¡ 240¡
480¡ 240¡ 240¡ +120¡ = 360¡

0¡,120¡, 240¡, 360¡, 480¡.
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Example 2)  For each of the curves below, find the period (use degrees), horizontal stretch, and 5 critical points. 
Then graph it on the calculator using an appropriate window to show the behavior of the graph. 
 

 

 
Example 3)  Now let’s put both amplitude and period together. For each of the curves below, find all the 
pertinent information. 
 

 

&
!.6,+561$",&"=&D$,3+"$:+&
On your calculators, graph . 
 

         

Curve Period Horizontal stretch Critical points

a) y = cos2x                                      

b) y = sin3x

c) y = cos4x

d) y = sin0.5x

e) y = cos
2
3

x

f) y = sin
3
2

x

g) y = cos10x

Curve Amplitude Period Critical points Shape
Vertical

Stretch

Horizontal

Stretch

a) y = 2sinx                                                                                       

b) y = sin2x

c) y = 2sin2x

d) y = 4cos3x

e) y = ! 3cos6x

f) y =
1
2

sin
1
2

x

g) y = sin
4
3

x

h) y = !
3
4

sin
3
4

x

    

� 

y = sinx, y = 2+ sinx, y = ! 1+ sinx
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Note by changing the constant that is added or subtracted to the basic sine or cosine curve, we affect how the 
graph of the sinusoid is shifted up or down.  This is called 9)*(6.&7"(*&,'7&(6-,&or&9)*(6.&7"'+64(.  The vertical 
translation becomes the new axis of symmetry. 
 

A curve in the form of will shift the curves 
 up or down based on the value of ?. This is called the 

vertical translation of the curve.  

 
Finally, on your calculators, graph the functions  

!!!!!!!!!! !! !!! ! !
 
Note by changing the constant that is added or subtracted within the parentheses, we shift the sinusoid left or 
right. This is called +-*6@-,(&7"(*&,'7&(6-, or 0+&')"'+64(. 
 

A curve in the form of  will shift the sinusoid right or left 
based on the value of . . The value of .  is the phase shift (or horizontal translation). 
 

 

 
When there is a phase shift, the critical points change as well.  We call these the true critical 
points. We find the critical points and add or subtract the phase shift to get true critical pts. 
 

 

    

� 

y = d ± a sin bx or y = d ± acosbx
    

� 

y = ±a sin bx or y = ±acosbx
If d > 0...vertical translation is up d  units

If d < 0...vertical translation is down d  units

If d = 0...there is no vertical translation

⎧

⎨
⎪

⎩
⎪

y = sin x − 30°( ), y = sin x + 45°( )

    

� 

y = sin x − c( ) or y = cos x − c( )

    

� 

If c > 0,  the curve shifts right ... so y = sin x −10°( ) shifts the curve right

If c < 0,  the curve shifts left ... so y = sin x + 10°( ) shifts the curve left

⎧ 
⎨ 
⎪ 

⎩ ⎪ 

� 

Critical Points =         0, period
4

,      period
2

,       3period
4

,      period

True Critical Points = c,  period
4

+ c,  period
2

+ c,  3period
4

+c,  period + c
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Example 4) For each curve, find the vertical translation, phase shift, Critical Points and True Critical Points. 

 

 
 

Let’s put it all together.  Given the curves  
The &/076(5?) =  

         We define the shape of the curve using this rule:  

         We define vertical stretch using this rule:  

The 0)*6-?  

        We define the horizontal stretch in words:  

         8 is the number of periods of the curve within  
 
The 0+&')"'+64( (or horizontal translation) = . .  
 

   

 

The B)*(6.&7"C*&,'7&(6-, = ?     
&

 

The range of the function is  
 
 
 

Curve
Vertical
Translation

Phase shift
(direction)

Critical Points
True Critical Points

a) y = 4+ sin x                                           

b) y = cos x − 60°( )

c) y = 5+ sin x + 20°( )

d) y = −2− cos x + π
6

⎛
⎝⎜

⎞
⎠⎟

e) y = sin x − π
4

⎛
⎝⎜

⎞
⎠⎟
−1

    

� 

y = d ± a sin b x − c( ) or y = d ± acosb x − c( )
  

� 

a

    

� 

a > 0...curve normal
a < 0...curve reversed

⎧ 
⎨ 
⎩ 

  

� 

amplitude > 1...vertically stretch
amplitude < 1...vertically shrunk

⎧ 
⎨ 
⎩ 

= 360°
b

 degrees( )  or 
2π
b

radians( )
period < 360° or 2π( )  ... compressed

period > 360° or 2π( )  ... elongated

⎧
⎨
⎪

⎩⎪
360° or 2π

    

� 

If c > 0,  the curve shifts right,  if c < 0,  the curve shifts left

� 

Critical Points =         0, period
4

,      period
2

,       3period
4

,      period

True Critical Points = c,  period
4

+ c,  period
2

+ c,  3period
4

+c,  period + c

If d > 0...vertical translation is up d  units

If d < 0...vertical translation is down d  units

⎧
⎨
⎪

⎩⎪

    

� 

d − a,d + a[ ]



!"###$%&'()*%&(+%),(-*$.-/ "                     Unit 3  p.                                                             !""#$%""(-"0-'("-,"1,()*,)(  48  

Example 5) For each curve, find all pertinent information and verify it on your calculator.  (The 
way you verify it is to input the function and graph it.)  Your xMin and xMax should be the 
smallest and largest of the true critical points. Your yMin and yMax should be the smallest and 
largest values of the range.  If your answer is correct, you will see exactly one period of the curve. 
          

 

&
K010./$,$,-&6,&0R361$",&=."/&1;0&-.6#;&"=&6&+$,3+"$:&

 
Example 6) Suppose you were given this graph. Could you determine its 
equation?  Here are some questions you need to answer: 
 
Is it a sine curve or cosine curve?        Where is its axis of symmetry?  
What is its amplitude?        What is its period?                   

 
Here is the generalization to determine the equation from its graph: Do the problem above on the right. 
The equation will be in the form . 

1) Decide whether it is easiest to consider it a sine or cosine curve. If it “starts” at a high point or low point, 
it is a cosine curve. If it “starts” in the middle, it is a sine curve.  
 

2) You also must determine if the curve is reversed. Reversed sine curves start downward. Reversed cosine 
curves start upward. If the curve is normal the sign is +.  If the curve is reversed, the sign is negative.      

3) Draw the axis of symmetry:    That is the value of ?.   

4) Find the height of the curve above the axis of symmetry. That is &.   

5) Find the period by inspection.    

6) Is there a shift? If shifted right, ."> 0. If shifted left, .  < 0.    

7) Put it all together.         

Curve Amplitude Period
Phase
Shift

Critical points
True Critical Points

Vertical
Trans

Range Shape
Vertical
Stretch

Horizontal
Stretch

a) y = 3− cos x
b) y = 1+ 2cos2x
c) y = −2− 3sin4x

d) y = 5sin x − 30°( )

e) y = −1− cos(x +15°)

f) y = 2+ 1
2

sin2 x −5°( )

g) y = 1
2
− 4cos 3x +15°( )

h)
y = − 3

4
sin 1

2
x − 40°

⎛
⎝⎜

⎞
⎠⎟

i) y = 5+ 3sin 2x − π
2

⎛
⎝⎜

⎞
⎠⎟

          

    

� 

y = d ± a sin b x − c( ) or y = d ± acosb x − c( )

high + low
2

d =           

a =           

    

� 

period = 360°
b

 then b = 360°
period

b =           

c =           

y =                                     
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Realize however that a cosine curve is a sine curve shifted  left and a sine curve is a cosine curve shifted 
right. So, there is no one correct answer; in fact, there are infinite answers. Sometimes it is easiest to 

consider a curve a positive cosine curve because it will always be obvious where the highest point is. Wherever 
that high point is, the distance from 3-axis will be the phase shift. In the case of example 6, the phase shift is 

 and the curve can be written as  . 
 

Example 7) For each of the graphs below, find an equation that generates it. Verify using the calculator. 
 

a)    b)  
 
 
 
 
 
 

c)    d)  
 
 
 
 
 
 
 

e)   f)  
 

  

90¡
90¡

45¡ y = 2+3cos2 x ! 45¡( )
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!.6,+="./61$",+&E0@$+$10: 
 
As stated before, the sine curve and cosine curves are not different in terms of shape. They both graph 
sinusoids.   graph the same wave, just out of phase.  By performing a horizontal shift, we 
can turn the graph of one function into the other: There is no reason to create more than one, but you must 
recognize when two different-appearing equations graph the same function. 

 
 …    shift a cosine curve  right to get a sine curve 

  …   shift a sine curve  left to get a cosine curve 

 … shift a sine curve  right or left and flip it across the 2-axis 
                   and the curve stays the same 

 …shift a cosine curve  right or left and flip it across the 2-axis 
                    and the curve stays the same 

 
F":05$,-&!.$-&JR361$",+&
&
When we have data that we know is generated by a periodic trig function, we can generate its equation. In 
general we need as few as two points:  
  
         • the two values of 2 when the curve hits its axis and the value of 2 where the curve hits its max or min 
         • both values of 2 where the curve its max and min and one of the values of 2 where the curve hits its axis. 
         • the location of the maximum and the subsequent minimum values of the function 
&
To make it easier, the examples we show use 5 points but the technique can work with as few as 2 points.   
 
It is crucial that when you perform this procedure, your calculator is in *&?6&, mode if you plan to verify your 
answer which is strongly recommended. 
 
As stated above we can consider the curve a sine curve or cosine curve. Each will most likely have a horizontal 
shift but by considering it to be a cosine curve, the horizontal shift of the max point from the 2-axis is obvious. 
 
Suppose you had a trigonometric curve that passes through these points: 
 

2" 1 4 7 10 13 
3" 3 5 3 1 3 

&
Let’s develop a method that generate an equation  that fits the data. 
 
First, although it looks like a sine curve, it will generally be easier to consider it a cosine curve that has been 
shifted 4 units from the 3-axis.  Thus .  = 4. 
 
Next, there is an axis of symmetry at the line 3 = 3.  To the right is a drawing of 
that axis line sketched in.   We know that the axis of symmetry is the ? value, thus 
? = 3. 
 
We also know the amplitude is the height of the curve above its axis of symmetry, 
thus & = 5 – 3 = 2. 
 

y = sinx and y = cosx

sinx = cos x ! 90¡( )  or cos x ! ! 2( ) 90¡

cosx = sin x+90¡( )  or cos x+! 2( ) 90¡

sinx = ! sin x ±180¡( )  or ! sin x ±!( ) 180¡

cosx = ! cos x ±180¡( )  or ! cos x ±!( ) 180¡

    

� 

y = d ± asinb x ! c( ) or y = d ± acosb x ! c( )
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Finally, the period:  We see an entire period of the curve so period = 12.  We know that 

 but since we are not dealing with degrees, but in radians, we use 

.  So . 

So let’s put it all together:     "

There are other possible equations that generate this data. Can you determine others? 
 
 
 
 
Example 8) Find a trigonometric function that passes through these points: Verify on the calculator. 
 

2" 3 7 11 15 19 
3" 5 –1 5 11 5 

 
 
 
 
 
 
 

Example 9) Find a trigonometric function that passes through these points: Verify on the calculator. 
 

2" 8.7 12.6 16.5 
3" –9.6 – minimum value  0.8 11.2 – maximum value 

 
 
 
 
 
 
 

 
Example 10) Find a trigonometric function that passes through these points: Verify on the calculator. 
 

2" –5.3 1.2 
3" 9.3 – max value –4.5 –  subsequent min value 

 
 
 
 
 
 
 
 
 

&

period = 360°
b

 or period = 2π
b

period = 2π
b

 or b = 2π
period

b = 2π
12

= π
6

y = 3+ 2cos π
6
x − 4( )⎡

⎣
⎢

⎤

⎦
⎥
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F":05$,-&A##5$%61$",+ 
 

A (*6:-,-/)(*6."/-?)7 "is used when the data seems to follow a cyclical pattern, repeating over time.  Many 
real-life applications generate sinusoidal curves. This occurs when data is periodic and said it be in '6/07)"
+&*/-,6."/-(6-,  – (its model can be written as ).    Some examples of harmonic 
motion involve electric currents, musical tones, radio waves, sunrises, and weather patterns.  We will 
investigate some. 
 
Example 11)  Suppose Tarzan is swinging back and forth on his grapevine. As he swings, he goes back and 
forth over the riverbank, hovering alternately over land and water.  Jane 
decides to mathematically model his motion and starts her stopwatch.  
 
Let ( be the number of second the stopwatch reads and let 3 be the number 
of feet Tarzan is from the riverbank (not his height). Assume that 3 varies 
sinusoidally with ( and that 3 is positive when Tarzan is over land and 
negative when Tarzan is over water.  
 
Jane finds that at 2 seconds, Tarzan is at one end of his swing 23 feet from 
the riverbank over land. At 5 seconds, Tarzan is at the other end of his 
swing 17 feet from the riverbank over water. 
 
Generate the equation that represents Tarzan’s swing model. 
 
Solution:  If we can generate points for the sinusoidal motion we can use the technique on the previous page to 
generate the equations. 
 
 
 
 
 
 

a) Where was Tarzan when Jane started her stopwatch? 
 
                    
      
      b) Find the smallest value for ("when Tarzan was directly$""""""c) How long is Tarzan over water?     
""""""""""over the riverbank. 
      
 
             
 
 
 
 
      d) Describe Tarzan’s position and movement 45 seconds from the time Jane started the stopwatch? 
 
 

d = asinbt  or d = acosbt
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Example 12) Mark Twain sat on the deck of a river steamboat. As the paddlewheel 
turned, a brightly painted yellow dot on the paddle blade moved in such a way that 
its distance from the water’s surface was a sinusoidal function of time. When the 
watch read 4 seconds, the dot was at its highest point, 16 feet above the water’s 
surface. The wheel’s diameter was 18 feet and it completed a revolution every 10 
seconds. 
 
  a) Generate an equation for the sinusoidal curve and answer these questions: 
        
 
 
 
   
  b) How far above the surface was the dot when Mark’s stopwatch read 5 seconds?   
 
 
  c) How long was the dot below the water’s surface?   
        
  d) From the time when the stopwatch was started, when was the first time that the dot was at the surface of the  
      water? At that time was in emerging from or entering the water?   
 
        
Example 13) In various cities at differing latitudes, the longest and shortest 
days (time of daylight) are shown in the table to the right. The longest day of 
the year is called the Summer Solstice and usually occurs on June 20. 
Assuming that the curves that describe daylight yearly in cities is sinusoidal,  
a) create a general equation in the form   that would 
describe the daylight based on the longest and shortest days of the year. 
 
 
 
 
 
 
 
 
 
 
 
b)  An astronomer needs at least 10 hours of darkness for a long photographic exposure of the night sky. In each  
      city, on what days of the year are such long exposures possible? 
 
& &

y = d + acosb x ! c¡( )
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S1;0.&!.$-","/01.$%&Q.6#;+ &
 
The other 4 trig functions can be graphed as well and although not used nearly to the extent of the sine and 
cosine curves, you should be familiar with the shape and features of each. 
&

    
&

&&& & &
&
Note how the sine and cosecant curves are reciprocals of each other as are the cosine and secant curves. As one 
goes up, the other goes down and vice versa. At 2-values where the sine and cosine functions are zero, the 
cosecant, secant respectively have vertical asymptotes.  We do not use these curves that much so we do just the 
basic transformations on each. 
 
Changing the amplitude simply changes the relative 
maximum and relative minimum.  The asymptotes stay the 
same.  Shown to the right is the graph of 

.  We 

can apply vertical translations and reflections across the 2-
axis as well. Shown to the right is the graph of  
which relects across the 2-axis and shifts up one.  
 
Here are the graphs of . Unlike the sine and cosine curves, the period of the 

tangent and cotangent function is "!These functions are odd  !

making them symmetric to the origin.  Note that these trig functions too have asymptotes:     
 

&&&&&&&&&&& &&

               
   

 
 
 
 
 
 
 
 
 

y = csc x     Period = 360° Asymptotes:x = 0°,180°,360° y = sec x    Period = 360° Asymptotes: x = 90°,270°

y = cscx dashed( )  compared to y = 2cscx and y = cscx
2

y =1! secx
y = sec x

y = tanx and y = cot x for 0,360°( )
180° tan ! x( ) = ! tan x and cot ! x( ) = ! cot x( )

y = tan x    Period = 180° Asymptotes: x = 90°,270°
Always increasing       Switches concavity at 0°,180°

y = cot x    Period =180¡ Asymptotes: x = 0¡,180¡

Always decreasing    Switches concavity at 90¡,270¡
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Q.6#;+&"=&1;0&?,@0.+0&!.$-&23,%1$",+&
 
To find inverses of the trigonometric functions we interchange 2 and 3. For 
instance, if , the inverse is . When we solve for 3, we get 

. To the right are the graphs of  and . 
As with all inverse functions, they are mirror images of each other across the line 
3 = 2. 
 

is not a one-to-one function. There are an infinite number of values of 2 
for the same value of 3. To create a function that is the inverse of sin 2, we restrict 

the domain of the sine function to . This restricts the graph to the 

section nearest the origin as shown in the figure to the right.  Restricting the 
domain of to will restrict the range of the to . So when you ask 

for an inverse sine on the calculator,  your answer will be between  
 
To the right are graphs of the inverse cosine function as 
well as the inverse tangent function.  They are bold. 
Note, in order to ensure that these relations are 
functions, we again have to restrict their domains. 
 
 
 
 
So we now have the following definitions 
of the inverse trigonometric functions: 
 
 
 
Inverse functions have the property that .  We can use that fact to state that  

. So  and . Still you have to be 

careful.  . Use the chart above to tell you what to expect when asking for an 
inverse trig function. 
 
To take trig functions of inverse trig functions, it is best to draw a triangle with angle  . Remember that an 
inverse trig function is nothing more than an angle. Fill in the given information and use the Pythagorean 
Theorem to find the 3rd side. It is then simple to determine the requested trig function of . 
 
Example 14) Evaluate the following: Draw a picture to describe the situation. 

   a)  b)  c)  d)   

 

y = sin x x = sin y
y = sin−1 x  or y = arcsin x y = sin x x = sin y

y = sin x

− π
2
≤ x ≤ π

2

y = sin x −π 2,π 2⎡⎣ ⎤⎦ y = sin−1 x −π 2,π 2⎡⎣ ⎤⎦
−90° and 90° or −π 2  and π 2.

f f −1 x( )( ) = x and f −1 f x( )( ) = x
sin sin! 1 x( ) = x and sin! 1 sin x( ) = x sin sin−1 0.7( ) = 0.7 cos cos−1− 0.2( ) = −0.2

sin! 1 sin3π 2( ) = ! π 2 " sin3π 2

θ

θ

sin arctan 3
4

⎛
⎝⎜

⎞
⎠⎟ tan arccos

2
2

⎛
⎝⎜

⎞
⎠⎟

sec sin−1 1
3

⎛
⎝⎜

⎞
⎠⎟ cot cos−1 −2

5
⎛
⎝⎜

⎞
⎠⎟

-0.5π -0.25π 0.25π 0.5π

-0.5π

0

0.5π

y = sinx

y = sin!1 x

y = sin−1 x if and only sin y = x and −π
2

≤ y ≤ π
2

y = cos−1 x if and only cos y = x and 0 ≤ y ≤ π

y = tan−1 x if and only tan y = x and −π
2

< y < π
2
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15) The base of a 20-foot tall exit sign is 30 feet above the driver’s eye level. When 
cars are far away, the sign is hard to read because of the distance. When they 
are close, the sign is hard to read because the driver has to look up at very sharp 
angle. The sign is easiest to read when the distance 2 is such that the angle  at 
the driver’s eye is as large as possible, as shown in the figure below. 

 
 
   a) Write  as the difference of two inverse tangents. 
                        
   
 
   b) The sign is easiest to read when  is a maximum. Graph the equation above to   
       find the distance from the sign when it is easiest to read. 
 

 
 
 

 
Our technique of modeling trig equations from data points works only when we are given specific information 
about the curve.  However, many times we are given data that we know fits a periodic curve but no specific 
information as to whether any of the points represent a maximum or minimum of axis value. However, our 
calculator can help out as it is is capable of performing sinusoidal regression, placing our answer in the form 

 It is necessary to have at least 4 points and at least 2 points per cycle or the answer will be 
incorrect.  The same is true if the data does not appear to be periodic. The keystrokes are 
  which will perform the regression and place 
the equation in Y1.  
  
16)  A patient has pneumonia and a surgeon inserts a monitor that measures the amount of air in the lungs in 

liters.  The monitor provides a measurement every 5 seconds as shown by the data in the table below.  
 

sec 0 5 10 15 20 25 30 35 40 45 50 55 60 
Air 0.11 0.56 0.85 0.51 0.09 0.26 0.74 0.78 0.30 0.08 0.46 0.84 0.61 

 
 a) Enter the data and graph it.  Then generate a sinusoid fits the data. 
          
 
 b) What is the period of the curve and what does it represent? 
 
 
 
!!!!!!c) Realize that there are many sine curves that fit the data.  Since answer b) makes little sense, show that  
         8"D"1.53 also fits the data.  Using that value, find the period of the curve. 
!
!!!!!!!!!!!!!!!!!!!! 
&
  d) What is the maximum and minimum amount of air in the lungs?  
&

&

!

!

!

y = asin bx+ c( )+ d.

STAT   CALC C:SinReg VARS   Y-VARS Function Y1

Car x

30 ft

20 ft
      Exit 
1 Mile Ahead

!
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!"#$%&'(P&) &Q.6#;+&"=&!.$-&23,%1$",+&) &N"/07".8 &
 

 
1.  For each of the curves below, find all the pertinent information. Then graph on your calculator using an 

appropriate window. 
 

& 43.@0& A/#5$13:0& 90.$": & 4.$1$%65&9"$,1+& D;6#0&
T%$.%50U&

<0.1$%65&
D1.01%;&T%$.%50U&

N".$V",165&
D1.01%;&T%$.%50U&

a.     Normal 
Reversed 

Stretched 
Shrunk 

Compressed 
Elongated 

b.     Normal 
Reversed 

Stretched 
Shrunk 

Compressed 
Elongated 

c.     Normal 
Reversed 

Stretched 
Shrunk 

Compressed 
Elongated 

d.     Normal 
Reversed 

Stretched 
Shrunk 

Compressed 
Elongated 

e.     Normal 
Reversed 

Stretched 
Shrunk  

Compressed 
Elongated 

f.     Normal 
Reversed 

Stretched 
Shrunk 

Compressed 
Elongated 

g.      Normal 
Reversed 

Stretched 
Shrunk 

Compressed 
Elongated 

h.      Normal 
Reversed 

Stretched 
Shrunk 

Compressed 
Elongated 

i.     Normal 
Reversed 

Stretched 
Shrunk  

Compressed 
Elongated 

j.     Normal 
Reversed 

Stretched 
Shrunk 

Compressed 
Elongated 

k.     Normal 
Reversed 

Stretched 
Shrunk 

Compressed 
Elongated 

l.     Normal 
Reversed 

Stretched 
Shrunk 

Compressed 
Elongated 

 
 
2.  For each curve, find all pertinent information and verify it on your calculator.   
 

& 43.@0L&&& &A/# G&
&5$13:0&

&9:( &9;6+0&D;$=1&
W&K$.0%1$",&

4.$1$%65&91+&
!.30&4.$1(&91+&

<0.1&&
!.6, &
&

E6,-0 & D;6#0&
T%$.%50U&

<0.1$%65&
D1.01%;&
T%$.%50U&

N".$V",165&
D1.01%;&
T%$.%50U&

a.       
 Normal 

Reversed 
Stretched 
Shrunk 

Compressed 
Elongated 

b.        Normal 
Reversed 

Stretched 
Shrunk 

Compressed 
Elongated 

c.       
 Normal 

Reversed 
Stretched 
Shrunk 

Compressed 
Elongated 

d.        Normal 
Reversed 

Stretched 
Shrunk 

Compressed 
Elongated 

e.       
 Normal 

Reversed 
Stretched 
Shrunk 

Compressed 
Elongated 

    

� 

y = 6cos x

    

� 

y = −sin x

    

� 

y = 3
5

sin x

    

� 

y = − 7
2

sin x

    

� 

y = cos3x

    

� 

y = cos 1
3

x

    

� 

y = sin 5
3

x

    

� 

y = 2cos5x

    

� 

y = 1
2

sin6x

    

� 

y = −4cos 2
3

x

    

� 

y = −sin 1
10

x

    

� 

y = 5
2

sin 2
5

x

    

� 

y = 4 − 1
2

cos x

    

� 

y = 10 + 3sin2x

    

� 

y = 5 + cos 1
2

x

    

� 

y = 1! 7cos x + 30°( )

    

� 

y =
2
3

sin4 x ! 5¡( )
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& 43.@0L&&& &A/# G&
&5$13:0&

&9:( &9;6+0&D;$=1&
W&K$.0%1$",&

4.$1$%65&91+&
!.30&4.$1(&91+&

<0.1&&
!.6, &
&

E6,-0 & D;6#0&
T%$.%50U&

<0.1$%65&
D1.01%;&
T%$.%50U&

N".$V",165&
D1.01%;&
T%$.%50U&

f.        Normal 
Reversed 

Stretched 
Shrunk 

Compressed 
Elongated 

g.        
 Normal 

Reversed 
Stretched 
Shrunk 

Compressed 
Elongated 

h.        
 Normal 

Reversed 
Stretched 
Shrunk 

Compressed 
Elongated 

i.       
 Normal 

Reversed 
Stretched 
Shrunk 

Compressed 
Elongated 

 
3.  For each of the graphs below, find an equation that generates it. Verify using the calculator 

  a.     b.  
 
 
 

  c.     d.  
 
 

  e.     f.  
 
 

  g.     h.  
 
 

    

� 

y = 2 + 4cos 3x + 135°( )

    

� 

y = −1− 4
5

sin 3
2

x

    

� 

y = 3 + cos
2
3

x − 60°
⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ 

    

� 

y = 1
2

+ 2sin 3x − π
2

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ 
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4.  Find a trigonometric equation that passes through the following points: Verify using the calculator. 
 

a.    

 

 b.   

 

 c.   

 

 d.   

 
5.  A buoy in the ocean is bobbing up and down in periodic motion.  At time = 2 seconds, the buoy is at its high 

point and returns to that high point every 10 seconds.  The buoy moves a distance from 3.6 feet from its 
high point to its low point. (+6,(: you decide what height represents sea level without the waves and 
continue accordingly). Determine 5 points and construct an equation that describes this motion. 

 
 
 
        a. How high is the buoy at time = 30 seconds? Is it rising or falling at that time?     
 
        b. How many times in the 2 minutes will the buoy be at sea level?  
 
6.  The inside of a bicycle wheel whose diameter is 25 inches is 3 inches off the ground.  An ant is sitting on the 

inside of the wheel. Steve starts riding the bicycle at a steady rate.  In 1.2 seconds, the ant reaches its highest 
point on the wheel.  The wheel makes a revolution every 1.6 seconds. Determine 5 points and find the 
equation that describes the motion of the ant. 

 
 
 
      a. What will be the height of the ant 25 seconds into the ride?  
 
      b. Within the 10 seconds, how many times will the ant be at its starting height?  
 
7.  John is bouncing up and down on a trampoline which is 4 feet off the ground.  The highest he gets off the 

trampoline is 11 feet which he reaches in 2 seconds. He completes a bounce every 3 seconds.  Determine 5 
points and find the equation that describes this motion from the ground. 

 
 
 
 

      a. In 45 seconds, what will be his height above ground? Is he going up or down at this time? 
 
      b. Within the first 45 seconds, how many times does he reach his peak?  

x 1.5 1.7 1.9 2.1 2.3
y 2.1 1.5 0.9 1.5 2.1

x 8 18.5 29 39.5 50
y ! 24 ! 2 20 ! 2 ! 24

x 5.27 14.67 24.07 33.47 42.87
y 6.3 ! 0.9 ! 8.1 ! 0.9 6.3

x 4.3 7.9
y −2.6 minimum 8.1 subsequent maximum
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8. On a college football field, field goals are frequently attempted from the hash 
mark (the center of the dark horizontal lines in the figure to the right). The 
goalposts are 6 yards wide and the horizontal distance from the goalpost to the 
hash line is 3 yards.  As shown, a kicker kicks the ball from the 15-yard line 
and the ball must travel between the lines of angle . When the kick is from a 
long distance, it is frequently missed because  is small. When the kick is from 
a short distance, it can also be missed because  is also small.  

 
    a.  Write  as a function of 2.   
 
 

b. Graph this function and find the value of 2, the length of the field goal attempt that maximizes . 
 

 
  
! !
9.  Evaluate the following: Draw a triangle to describe the situation. 

 

     a.  b.  c.        d.  

 
 
 
 
10.  A security company patrolling a condo parking lot does a survey and finds the average number of vehicles 

(nearest integer) in the lot at 2-hour intervals on weekdays according to the table below.   
 

Time 8 AM 10 AM 12 PM 2 PM 4 PM 6 PM 8 PM 10 PM 12 AM 2 AM 4 AM 6 AM 
Vehicles 75 57 46 41 36 34 32 37 57 69 78 78 

 
a. Enter and graph the data. 
 
b.  Perform a sinusoidal regression that predicts the number of vehicles in  
     the lot at any hour of the day. 
 

 
 

 
c.  At what time of day is the lot expected to have the maximum and minimum number of vehicles?  What  
      are the maximum and minimum?   

     
 
 
 
     d.  Because this equation is an approximation, it will not be totally accurate.  If this data was truly sinusoidal,  
         its period would be 24 (hours). What is the period of the regression curve? 

 

θ
θ
θ

θ

θ

cos arcsin ! 3
5

"
#$

%
&'

sin arctan12
5

⎛
⎝⎜

⎞
⎠⎟ csc cot−1 4( ) tan csc−1 3( )

x

5

3 yds

!10
15

20

6 yds


