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Topic 3.7 – Trig and Polar Coordinates – Classwork 
 

Complex Numbers 
 
Students were introduced to imaginary numbers in algebra as the solution to quadratic 
equations. They are based on writing . Although though there are many applications 
of imaginary numbers, few ever come to light in high school as they are in areas of electricity, quantum 
mechanics, and signal processing to name a few.  And one that many students can relate to: video games. 
 
Still, we will see some use for them and we will learn to represent them graphically. 
 
We can represent complex numbers in the form of  on a 
coordinate plane.  The horizontal axis (normally x) is called the real axis 
and the vertical axis (normally y) is called the imaginary axis.  Some 
selected points are shown in the diagram to the right. 
  
The absolute value of a complex number  is given  

. The absolute value of a complex number geometrically 
is the distance from the origin to the point represented by  on the 
coordinate plane.  This of course can be found by the Pythagorean 
Theorem or the distance formula.  In the example to the right, 

. 
 
Example 1)  Plot each complex number and find its absolute value: 
 
     a)               b)   
     c) 1                 d)   

     e)     f)  3i   

 
Let’s see how working with complex numbers is useful in the world of 
video games.  Let’s look at point c above . Let’s multiply it by i. 

We get the point . This point is a rotation of the point .  

Multiply that point by i again and we get the point , another  

rotation. Multiply again by i and we get , another  rotation. 
Finally multiply by i once more and we get back to our original point.   
 
This process works with any point. For instance, let’s start with the point 2 + 3i and 
do successive multiplications by i.  . The 
figure on the right shows the shift counterclockwise by multiplying points by i. 
Multiplying by –i rotates the point clockwise.  It can be shown that multiplying 
by 1 + i rotates a point counterclockwise. 
 
In the world of video games with extreme movement, this concept is used 
extensively in constructing the games.  

−1 = i

� 

z= a+ bi

� 

z = a + bi

� 

a+ bi = a2 + b2

� 

a+ bi

� 

4 + 2i = 42 + 22 = 20

� 

3+ 3i

� 

! 4 + i

� 

! 3! 2i

� 

2 !
3
2

i

1+0i( )
0+1i( ) 90¡ 1+0i( )

! 1+0i( ) 90¡

−0−1i( ) 90¡

2+3i ! " 3+ 2i ! " 2" 3i ! 3" 2i ! 2+3i
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Trigonometric Form of a complex number 
 
If we have the complex number  and let  be the angle from the positive 
x-axis to the line segment connecting the origin and the point , we can write:  
 

 

 
The trigonometric form allows us to express a complex number in terms of r and  rather than a and b.  
 
Example 2)  Change the following trigonometric forms to standard form . 

 a)  b)  c)  

 
 
 
 
 
 
Example 3)  Write the following complex numbers in trigonometric (polar) form 

 a)  b)  c)    

 
 
 
 
 
 
Multiplication and Division of Complex Numbers * 
 
Back in Algebra 2, you learned how to multiply and divide complex numbers. The trig (polar) form of complex 
numbers lends itself nicely to such procedures. To illustrate this, let’s do the following problems by first 
converting the numbers to standard form, multiplying them and then change back to trig form. 
 
Given the complex numbers: , find 

 a)  b)  

  

z = a+ bi

� 

!

� 

a,b( )

a = rcos!    and      b = rsin! where r = a2 + b2

So the trigonometric form of z = a + bi is z = r cosθ + isinθ( )
where tanθ = b

a
. This is also called the polar form.

θ

� 

a + bi

� 

z = 8 cos30° + isin30°( )

� 

z = 2 cos135° + isin135°( )

� 

z = 5 cos 5π
3

+ isin 5π
3

⎛ 
⎝ 
⎜ 

⎞ 
⎠ 
⎟ 

� 

z = 4 3 + 4i

� 

z = −7 − 7i

� 

z = − 9
4

+ i 9 3
4

z1 = 6 cos150° + isin150°( ), z2 = 4 cos60° + isin60°( )

� 

z1z2

� 

z1
z2
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This process is cumbersome and we can simply it immensely. 
 

 

 
Example 4) Given the complex numbers: , find 

 a)  b)  

 
 
 
 
 

Example 5) Given the complex numbers: , find 

 a)  b)  

 
 
 
 
 
 
 
Powers of Complex Numbers * 
 
To raise a complex number to a power, we repeatedly use the multiplication rule above. 
 

 

Product and Quotient of Two Complex Numbers

z1 = r1 cosθ1 + isinθ1( )  and z2 = r2 cosθ2 + isinθ2( ). Then

z1z2 = r1r2 cosθ1 + isinθ1( ) cosθ2 + isinθ2( )
z1z2 = r1r2 cosθ1 cosθ2 − sinθ1 sinθ2( )+ i sinθ1 cosθ2 + cosθ1 sinθ2( )⎡⎣ ⎤⎦
Using the sum and difference formulas for sine and cosine:

z1z2 = r1r2 cos θ1 +θ2( )+ isin θ1 +θ2( )⎡⎣ ⎤⎦

By a similar argument:

z1
z2

=
r1
r2

cos θ1 −θ2( )+ isin θ1 −θ2( )⎡⎣ ⎤⎦ , z2 ≠ 0

z1 = 6 cos150° + isin150°( )  and z2 = 4 cos60° + isin60°( )

� 

z1z2

� 

z1
z2

z1 = 2 cos
7π
6

+ isin 7π
6

⎛
⎝⎜

⎞
⎠⎟
, z2 = 5 cos

4π
3

+ isin 4!
3

!
"#

$
%&

� 

z1z2

� 

z1
z2

z= r cos! + i sin!( )
z2 = r cos! + i sin!( )r cos! + i sin!( ) = r 2 cos2! + i sin2!( )
z3 = r 2 cos2! + i sin2!( )r cos! + i sin!( ) = r 3 cos3! + i sin3!( )
z4 = r 4 cos4! + i sin4!( )             z5 = r 5 cos5! + i sin5!( )
This leads to DeMoivre's Theorem:

If z = r cos! + i sin!( )  and n is a positive integer, then zn = r n cosn! + i sinn!( )
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Example 6)  Find the following: 

 a)  b)  
 
 
 
 
 
 
 

 c)    d)  
 
 
 
 
 
 
 
 
nth Roots of a Complex Number * 
       
The complex number  is an nth root of the complex number z if .  For a positive 
integer n, the complex number  has exactly n distinct nth roots given by: 
 

 

 
Example 7)  Find all the cube roots of 1  (called finding the cube roots of unity) 
 

 
 
 
 
 
 
 
 

Example 8)  Find all the square roots of –36i 
 
 
  

� 

2 cos30° + isin30°( )[ ]7 6 cos15° + isin15°( )⎡⎣ ⎤⎦
4

1+ i( )6

� 

3 − i( )8

� 

u = a + bi

� 

z = un = a + bi( )n

� 

z = r cosθ + isinθ( )

rn cos
θ + 2π k
n

+ isinθ + 2π k
n

⎛
⎝⎜

⎞
⎠⎟

 or rn cos
θ + 360°k

n
+ isinθ + 360°k

n
⎛
⎝⎜

⎞
⎠⎟

where k = 0,1,2,  ... n−1
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Example 9)  Find the three cube roots of  
 

 
 
 
 
 
 
 
 
 
 
 
 
 
Example 10)  Find the four 4th roots of 16i. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Example 11) In the previous example, show that each root raised to the 4th power is 16i.  
  

� 

2 + 2i
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Topic 3.7 – Trig and Polar Coordinates – Homework 
 
1.   Change the following trigonometric forms to standard form . 
 

 a.                    b.           c.  

 
 
 
 
 
 
 
2.   Write the following complex numbers in trigonometric (polar) form. 

 a.                                         b.                                c.   

 
 
 
 
 
 
 
 
3.  Given: , find 

 a.  b.  c.  

 
 
 
 
 
 
 
 

4.  Given the complex numbers: , find 

 a.                        b.   

 
 
  

a+ bi

z=10 cos60¡ + i sin60¡( ) z= 50 cos315¡ + i sin315¡( ) z =12 cos 2π
3

+ isin 2π
3

⎛
⎝⎜

⎞
⎠⎟

z = 3 3 − 3i z = ! 32 + i 32 z =
2 3

3
+

2i
3

z1 =12 cos210¡ + i sin210¡( ), z2 = 4 cos30¡ + i sin30¡( ), z3 = 3 cos75¡ + i sin75¡( )
z1z2

z1

z2

z1
z3

z1 = 9 cos
!
12

+ i sin
!
12

!
"#

$
%&

,z2 = 8 cos
3π
4

+ i sin
3π
4

⎛
⎝⎜

⎞
⎠⎟

z1z2

z2
z1
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5.  Find the following: 
 a.  b.  

 
 
 
 
 
 
 
 

 c.       d.  

 
 
 
 
 
 
 
 
 

6.   Find the three cube roots of –1. 
 

 
 
 
 
 
 
 
 
 
 

 
 
 
7. In the previous example, show that each root raised to the 3rd power is –1.  
  

3 cos30° + isin30°( )⎡⎣ ⎤⎦
4

4 3 + 4i( )4

−1+ i( )8 −1− i 3( )7
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8. Find the square roots of 4 + 4i 
 
 
 
 
 
 
 
 
 
 
 
 

9.  Find the 4th roots of i 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
10. Find the 5th roots of 32 
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Topic 3.8 – Polar Graphs – Classwork 
 
Polar Coordinates 
 
The rectangular coordinate system we use is sometimes called the Cartesian system (names 
after French mathematician René Descartes). It is based on a grid of perpendicular lines. We 
have seen that this system does double duty, plotting points in (x, y) format as well as a 
complex number in the form a + bi with the horizontal axis graphing the real part and the vertical axis plotting 
the imaginary part. 
 
We can also plot points on a polar coordinate system which is based on a 
circular model. The city of Paris is modeled on the polar coordinate 
system with the Arc de Triomphe as the center. To form the polar 
coordinate system, we start with a point O called the pole or the origin. 
Each point P in the plane is assigned polar coordinates  as follows. 
r is the directed distance from O to P and  is the directed angle, 
measured counterclockwise from the polar axis (the line ) to 
segment .  can be measured in degrees or radians although for 
calculus purposes, we usually use radians.   We see four points on a polar 
graph on the figure to the right.  Name each using degrees and radians: 
   
Pt A: Degrees:                 Radians:  Pt B: Degrees:                Radians:  
Pt C: Degrees:                 Radians:  Pt D: Degrees:                Radians:  
 
In the rectangular system, every point has one and only one representation. In the polar system, every point has 
an infinite number of ways to name it.  The radius can be either positive or negative. A negative radius along an 
angle is the same as a positive radius along the angle in the opposite direction. There are two ways to alter the 
point . 
 
 • You can add or subtract  or 2π to .  So,  is equivalent to   

         where n is an integer.  So, point A . 

 • You can  make r negative and add or subtract  or π to . So  is equivalent to    

          , n is an integer. So, point A . 

 
Example 1)  For each polar point, label it in two other ways using the given measurement system of angles. 
 
 a)  b)  c)   
 
 

 d)  e)  f)  

 

r,!( )
!

! = 0
OP !

r ,!( )

360¡ ! r ,!( ) r ,! ±360¡n( ) or r ,! ± 2πn( )
3,30°( ) = 3,390°( ) = 3,−330°( ) = 3,13π

6
⎛
⎝⎜

⎞
⎠⎟
= 3,−11π

6
⎛
⎝⎜

⎞
⎠⎟

360¡ ! r ,!( )

−r,θ ±180° ± 360°n( )  or r,θ ±π ± 2πn( ) 3,30°( ) = −3,210°( ) = −3, 7π
6

⎛
⎝⎜

⎞
⎠⎟

� 

4,60°( )

� 

−5,315°( )

� 

2,−90°( )

1,5π
6

⎛
⎝⎜

⎞
⎠⎟

−8,π
6

⎛
⎝⎜

⎞
⎠⎟

− 3
2
,− 5π
3

⎛
⎝⎜

⎞
⎠⎟
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To convert to and from the polar system to the rectangular 
coordinate system, you must know the following 
relationships.  When converting to the polar system, realize 

that there are multiple angles such that  . The 

correct one can be found by looking at the quadrant for the 
point (x, y). 

 
 
Example 2) Convert the following polar points to 
rectangular coordinates. 
 
 a)  b)  c)  
 
 
 
 
 

 d)  e)  f)  

 
 
 
 
 
 
 
Example 3) Convert the following rectangular points to polar coordinates. 
 
 a)  (–5, –5) b) (0, –2) c)  
 
 
 
 
 
 
 
 
 d)  e)  f)  
  

tanθ =
y
x

� 

6,90¡( )

� 

4,60¡( )

� 

10,225¡( )

5,!( ) 2 3,π
6

⎛
⎝⎜

⎞
⎠⎟

5
2
,5π
3

⎛
⎝⎜

⎞
⎠⎟

� 

1,− 3( )

� 

−7,0( )

� 

5,12( )

� 

6,−3( )
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The TI-84 calculator is capable of making these conversions 
although it is slightly cumbersome.  The commands are 
located in the ANGLE menus.  
 
To convert the rectangular point  to polar form, you use  These 
commands ask for the value of r and the value of  as two separate statements. The value of  will depend on 
whether you are in degree or radian mode. 
 
To convert the polar point  to rectangular form, you use  These 
commands ask for the values of x and the value of y as two separate statements. Again, when you input , be 
sure it matches the form you specified in Mode – radian or degree. 
 
You can graph polar equations on your calculators. You must switch to polar mode  using 
your MODE button as shown to your right. You can graph in either degree or radian mode 
although you will gain more control with degree mode. However, there are graphs that 
MUST be graphed in radian mode. Any polar equation using  not involving trig functions 
must be in radian mode. 
 
You enter the equation as usual, through the Y= button.  is now generated through the  button. You 
have to control the values  through the WINDOW button.  controls the speed and accuracy of 
the graph. Large values of  generate curves quickly but with less accuracy while small values of  
give a lot of accuracy but graph slower. As usual, you have to ZSquare to have an accurate graph. 
 
Since points can be written in both rectangular and polar forms, so can equations.  For 
instance, we know the graph of  graphs a parabola.  But using the relationships that 

 , we get   Solving for r, we get 

 . We can graph that in polar mode:  We can graph this 

using degree mode (where are 0 and 360) or radian 
mode (where are 0 and 2π).  Lines are best written in 
rectangular form and curves are best written in polar form. 
 
Example 4) Convert the following rectangular equations to polar equations. Confirm by calculator. 
 
 a)  b) 

  
c)  

 
 
 
 
 
 
 d)  e)   f)  
 
  

� 

4,4 3( )

� 

5 : R → Pr(  and 6 : R → Pθ .(  

� 

θ

� 

θ

� 

2 2,225°( )

� 

7 : P →Rx( and 8 : P →Ry(.

� 

θ

� 

θ

� 

θ

� 

X,T,θ,n

� 

θ,  X and Y θ step
θ step

� 

θstep

y = x2

x = r cosθ  and y = r sinθ r sinθ = r 2 cos2θ .

r = sinθ
cos2θ

= tanθ
cosθ

θmin and θmax 
θmin and θmax 

� 

x 2 + y 2 = 25

� 

x + 2( )2 + y 2 = 4

� 

y = 3

� 

x = 3

� 

xy =1

� 

2x − 3y − 2 = 0
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Example 5) Convert the following polar equations to rectangular equations. Confirm by calculator. 
 

 a)  r = 2 b)  
  

c.  

 
 
 
 
 
 

 d)  e)  f)  

 
 
 
 
 
 
Graphs of Polar Equations 
 
In our study of functions, we plotted points on the Cartesian plane and then classified them so that we did not 
have to do extensive point plotting to recognize their chape and characteristics. We do the same with polar 
curves.  
 
Example 6) Plot the points and sketch the graph of the polar equation . (1 decimal place) 
 

              
r ! ! ! ! ! ! ! ! ! ! ! ! !
AROC ! ! ! ! ! ! ! ! ! ! ! ! !

 
 
We can also examine the rate of change of r with respect to .  Our formula 
is similar to the one we used with functions. 
 

 

 
If the average rate of change is increasing/decreasing, then the distance 
between the radius and the curve is getting larger/smaller. 
 
If the average rate of change changes from increasing to decreasing on an interval, the function has a relative 
maximum or minimum on that interval. 
 
6a)  Complete the 3rd row of the function, computing the average rate of change of r.  Even though we used  
       degrees, it is best to measure the average rate of change in units/radian.  So you must divide each change in 
       r by , or stated differnetly, multiply each change in r by  

! =
2"
3

� 

r = 4sec!

r = −2cscθ

� 

r = 12
3sinθ − 4cosθ

r = 3
1+ sinθ

� 

r = 3cosθ

� 

θ

� 

0°

� 

30°

� 

60¡

� 

90¡

� 

120°

� 

150°

� 

180°

� 

210°

� 

240°

� 

270°

� 

300°

� 

330°

� 

360°

θ

Average rate of change of r  =
r θ2( )− r θ1( )

θ2 −θ1

units
degree or radian

π 6 6 π .
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Example 7) Plot the points and sketch the graph of the polar equation . (1 decimal place).  
                   Determine the average rates of change between angles using units/radian by completing the table. 
 

              
r              
AROC              

 
Classifying Polar Graphs 
 
Just as was true with rectangular graphs, there are graphs in polar form that occur all the time and students 
should be able to recognize them by their equations. 
 
Just as was true with rectangular graphs, there are graphs in polar form that occur all the time and students 
should be able to recognize them by their equations. 

     
                                                                     
 
                                                Circles – a is the diameter          Spiral of Archimedes  
                                                Sine curves are symmetric to the y-axis                a controls the width 
                                                Cosine curves are symmetric to the x-axis                must be in radian mode 

� 

r = 3+ 2sinθ

� 

θ

� 

0°

� 

30°

� 

60°

� 

90°

� 

120°

� 

150°

� 

180°

� 

210°

� 

240°

� 

270°

� 

300°

� 

330°

� 

360°

� 

r = a

� 

r = asinθ

� 

r = acosθ

� 

r = aθ
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Limaçons are in the form .  

    
                                             

     limaçon with         Cardioid     Dimpled limaçon         Convex limaçon 
      inner loop                            (heart shaped)            (one side is flattened) 
 
Rose curves are in the form . The maximum diameter of the petal is controlled by a. 
If n is even, the rose curve will have 2n petals.  If n is odd, the rose curve will have n petals. Interesting patterns 
can be formed if n is a non-repeating decimal and the curve is viewed with  starting at 0 and going out to very 
large numbers.  The petals will overlap.  
 

     
                                                        
 
Lemniscates look like infinity signs and are in the form  which is symmetric to the origin and 

 which is symmetric to the x-axis.  If the coefficient of  is a number other than 1 or 2, you get a 
deformed lemniscate. 
 

   
 

                                        

� 

r = a ± bsinθ symmetric to y - axis( )  or r = a ± bcosθ symmetric to x - axis( )

� 

a
b

<1

� 

a
b

=1

� 

1< a
b

< 2

� 

a
b
≥ 2

� 

r = asinnθ or r = acosnθ 

� 

θ

� 

r = asin2θ

� 

r = acos3θ

� 

r = acos4θ

� 

r = asin5θ r = asin1.73θ

� 

r2 = a2 sin2θ

� 

r2 = a2 cos2θ

� 

θ

� 

r2 = a2 sin2θ 

� 

r2 = a2 cos2θ

� 

r2 = a2 cos1.3θ 
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Example 8) Match the polar equations with their graphs below. 
 
   1)  2)  3)             4)  

   5)  6)                7)              8)  

  9)             10)                 11)            12)  

a) b) c)  

d) e) f)  

g) h) i)  

j)  k)  l)  
  

� 

r = 3− cosθ

� 

r = 2 − 2sinθ

� 

r = 5cos3θ

� 

r = 2 + 2cosθ

� 

r = 3+1.5sinθ

� 

r = 3.5cos2θ

� 

r = 5sin3θ r2 = −16sin2θ

� 

r = 2 − 3cosθ

� 

r = 3cos4θ

� 

r = −4cosθ

� 

r = 3.5sin2θ
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Topic 3.8 – Polar Graphs – Homework 
 
1. For each of the following polar coordinates, find the corresponding rectangular coordinates. 
 

 a.  b.  c.  

 
 
 
 
 d.  e.  f.  
 
 
 

 
 

2. For each of the following rectangular coordinates, find two corresponding polar coordinates. 
 

 a.  b.  c.  

 
 
 
               
 d.  e.  f.  
 
 
 
 
 
3. For each of the following rectangular equations, change it to polar form and confirm on your calculator. 
 
 a.   b.  
 
 
 
 
 

 c.    d.   
 
 
 
 
 
 e.  f.   
 
  

9,
3π
2

⎛
⎝⎜

⎞
⎠⎟

−1, 7π
4

⎛
⎝⎜

⎞
⎠⎟

4,−π
3

⎛
⎝⎜

⎞
⎠⎟

� 

3,120°( )

� 

8,240°( )

� 

10,72°( )

� 

−3,3( )

� 

1
2
,− 3
2

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ 

� 

0,−4( )

� 

−5 2,5 2( )

� 

−2,1( )

� 

7,−24( )

� 

x 2 − y 2 = 4 xy =12

5x − y = 7 x −1( )2 + y2 =1

� 

y = x 3 x2 + y2 + 4x = 0
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4. For each of the following polar equations, change it to rectangular form and confirm on your calculator. 
 a. r = 4       b.   
 
 
 
 
 
 c.  d.  
 
 
 
 
 

 e.  f.  

 
 
 
 
 
 
5. Plot the points and sketch the graph of the polar equation a) , b) , c)  
      (1 dec place) Also find the average rate of change in units/radian between angles by completing the 3rd row.  
 

a)                
r              
AROC              

 
a)                
r              
AROC              

 
a)                
r              
AROC              

 

  

tan2! = 9

� 

r = 8csc!

� 

r = 8cosθ

� 

r = 5
2sinθ − cosθ

� 

r =
1

1+ cosθ

� 

r = 2 − 2sinθ

� 

r = 2 + 4cosθ

� 

r = 5sin3θ

� 

θ

� 

0°

� 

30°

� 

60°

� 

90°

� 

120°

� 

150°

� 

180°

� 

210°

� 

240°

� 

270°

� 

300°

� 

330°

� 

360°

� 

θ

� 

0°

� 

30°

� 

60°

� 

90°

� 

120°

� 

150°

� 

180°

� 

210°

� 

240°

� 

270°

� 

300°

� 

330°

� 

360°

� 

θ

� 

0°

� 

30°

� 

60°

� 

90°

� 

120°

� 

150°

� 

180°

� 

210°

� 

240°

� 

270°

� 

300°

� 

330°

� 

360°
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8. Match the polar equations with their graphs below. 
 
 1.  2.  3.   4.  

 5.  6.  7.   8.  

 9.  10.  11.   12.  

           13.  14.  15.   16.  

    
a.                                         b.                                          c.                                         d. 

      
e.                                         f.                                           g.                                         h. 

    
i.                                          j.                                           k.                                         l. 

      
m.                                         n.                                       o.                                        p. 

� 

r = 2.5 + 2.5sinθ

� 

r = 3

� 

r = 3.5sin3θ

� 

r = 4.5sin2θ

� 

r = 4.5cos2θ

� 

r = 1.5 + 2cosθ

� 

r = −3sinθ

� 

r = 2 − sinθ

� 

r2 =16sin2θ

� 

r = 4cos5θ

� 

r = 3.5cos3θ

� 

r = 2.5 − 2.5cosθ

� 

r = 3cosθ

� 

r = 1+ 4cosθ

� 

r = 4.5sin6θ r = 0.5θ



© www.MasterMathMentor.com                           Unit 3  p.                                                       - Illegal to post on Internet 116 

Unit 4 
Functions Involving Parameters, Vectors, and Matrices 

 

 
 
 

# Unit 4 Topic 
(Not tested on the AP Exam) 

Class-
Work 

Home-
Work 

1  Parametric Functions 4-1 4-10 
2  The Conic Sections 4-15 4-26 
3  Vectors 4-32 4-38 
4  Matrices and Notation  4-42 4-46 
5  Matrix Operations 4-47 4-54 
6  Linear Transformations and Matrices 4-56 4-61 
7  Matrix Applications  4-64 4-69 

 


