Calculus from 30,000 Feet

The theory behind calculus is usually buried under an inundation of formulas, computational
methods, and procedures. That is how this course has been set up to prepare students for the
AP exam. We worry more about techniques to take limits, derivatives, and integrals and less
on the theory behind these great ideas. We look at the view from the ground, rather than the
view from higher up. And that’s a shame – analogous to being able to use a computer as
opposed to understanding how and why it actually works. So this section, while not
imperative to students getting a high score on the AP exam, has been written to enhance
understanding of some of the larger calculus concepts. It can be used as the material is taught,
but I think it is better discussed at the end of the course, to give you as students a greater
appreciation of what it is you just learned.
There are 4 sections to this supplement:
• Limits and the Infinity Guideline
• Derivatives as a Measure of Change
• Infinitesimals and Differentials – Smaller than Smallest
• Integrals as an Accumulation of Change
I cannot take full credit for this work. I was inspired by the book Infinite
Powers, by Steven Strogatz. It is a book I highly recommend to calculus
teachers who wish to appreciate their craft at a much higher level. But it is
also understandable to students, especially those who finished the AP
course and now want to understand what calculus is really about. I have
taken several of the concepts that Mr. Strogatz covers in his book, sliced
and diced them, added in my own examples, and put them into a form that
goes along well with the concepts that are taught in this calculus manual.
Still, the major ideas presented are his and not mine.
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Limits and The Infinity Guideline
How many times have you as a student heard these words uttered from your math teacher: “When you get to
calculus …” There is a reason that calculus is different from other math courses. In essence, it is guided by one
single beautiful idea that permeates the course. It is called the Infinity Guideline. Once you become aware of
this concept, the structure of calculus will always seem to rely on this guiding theme.
You have this manual which is over 300 pages. You might even have a calculus textbook which weighs as
much as a bowling ball. So it might surprise you that the goal of calculus is to make hard problems simpler.
The concept of “Less is More” is no better illustrated than in calculus. Calculus has tackled and solved some of
the most difficult and vital problems mankind has ever faced by breaking them down into simpler parts.
That is not new. Look into a sophisticated automobile motor and
you will still see gears and pulleys that translate into motion. Hard
problems become easier when they are broken down into smaller
chunks. But calculus distinguishes itself because it takes this
divide-and-conquer approach to its utmost extreme – all the way
out to infinity. It takes a large problem and continuously divides it
– over and over – until what is left is an infinite number of its
tiniest conceivable parts. And once that is done, the original problem is solved for each of the tiny parts, which
is frequently a much easier task than solving the original problem. And then, all the tiny parts are put back
together again. That step is not usually easy, but it is usually easier than the original problem was.
So, calculus really has two phases to it: disassembling and assembling. The disassembling involves infinitely
fine subtraction which can be used to quantify the differences between the infinite parts. This process is called
differential calculus. And then we have the assembling process involving infinite addition which integrates the
infinite parts back into the original whole. Accordingly, this process is called integral calculus.
This strategy can be used on anything that can be sliced endlessly. Such items are said to be continuous. Think
of the rim of a circular wheel, a flagpole, the water in a lake, the trajectory of a baseball, or how long your pet
has lived. Any shape, object liquid, motion, or time intervals are all continuous and calculus can be applied to it.
You could argue that a flagpole for instance is not really continuous It is made of a discrete number of atoms.
That argument can be given to any object. Calculus ignores them because it is useful to ignore them. If that
doesn’t make sense to you, then think about measuring the length of the desk you are probably sitting at. If there
was just one more atom of wood added on to its length, would that change your measurement?
Calculus has been used to describe the motion of a ball as it rolls continuously down a ramp, how a beam of
light travels continuously through the water of your swimming pool, how the continuous flow of air around its
wings is used to change the height of an airplane, and how the concentration of bacteria in the body decreases in
the days after starting an antibiotic. Each one has a guiding principle: divide a complicated but continuous
problem into infinitely many simpler pieces, solve each separately (and usually the solution technique is the
same for each), and then reassemble them.
The Infinity Guideline
To gain information on any continuous shape, object, motion, or process, no matter how complicated it
might be, split it into an infinite series of simpler parts. Analyze each, and then reassemble the results back
together in order in the context of the original problem.
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An important, and gruesome example of this principal comes to mind.
On July 17, 1996, a TWA Boeing 747 flight from New York bound for
Paris crashed into the Atlantic Ocean, about 10 miles from JFK Airport.
All 230 people on board were killed. There was a great deal of
controversy about this crash as a number of people have speculated it
was a terrorist attack because of what appeared to be a surface-to-air
missile was seen in the vicinity of the plane at the time of the explosion.
As a result, a painstaking attempt to find the cause of the crash was
From Britannic.com
undertaken. Divers brought to the surface every piece of the plane that
could be found and the plane was reconstructed. So, we can think of this as an example of the infinity guideline
(even though there was not an infinite number of pieces aboard making up the plane). The differential process
was done by the crash itself – dividing the plane into what seemed to be an infinite number of pieces. Each
piece was examined, and then the integral process was putting the plane back together. The reason for the crash
was ultimately found to be an explosion in the center wing fuel tank. To this day, there still other theories as to
what brought the plane down.
This method is seen mathematically in finding the area of a circle. We will use a cake as an example. We will
slice that cake into infinitely many slices and rearrange them to create a rectangle. Moving the slices around
doesn’t change their area and once we have a rectangle, we certainly know how to find its area.
We start by dividing a cake into 4 equal slices. We use the variable C to represent its circumference. We know
the formula that C = 2π r but the argument will work by simply using a tape measure to find C.
We now rearrange the slices of the cake. It should be noted that
C 2π r
the scalloped top and bottom are each =
= π r . The tilted
2
2
sides of the shape are just the radius of the original cake. Still,
finding the area of this shape seems more difficult than the
original problem.
We now slice our cake into 8 equal slices and rearrange the slices. Now
the cake slices start to resemble a parallelogram. The scallops on top
are certainly flattened out somewhat. As before, they are each
C 2π r
=
= π r and the slanted sides are r. To help things along, let’s
2
2
cut the far-left hand slice in half lengthwise and shift that half to the
slice on the far-right side. Now the shape looks more like a rectangle
C
with width r and length very close to = π r .
2
With 16 slices and the fixing of the end pieces, we get this result. The
more slices we create, the more we flatten out the scallops and the shape
is getting close to a certain rectangle which we call the limiting rectangle.
We can easily find the area of the limiting rectangle by multiplying its
height by its width. The height is just the radius r of the original circle
and the width is half the circumference of the circle. So the area of the
limiting rectangle is given by r (π r ) = π r 2 . Since moving the cake slices around did not change the area of the
cake, this must also be the area of the circular cake.
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Summing up, the more slices we create, the more rectangular the shape becomes. It never actually becomes a
rectangle. But it was only using the concept of infinitely many slices did the shape actually became rectangular.
That is what calculus is all about and is the infinity guideline in action. Everything becomes simpler at infinity.
Here is another example using cake. Suppose 4 people, red, blue, green and yellow go out to dinner where
dessert is included. The dessert comes out and it is a square piece of strawberry shortcake. Unfortunately yellow
is allergic to strawberries so the 4 pieces are divided among red, blue and green. How is it divided and how
much does each person get?
The simplest solution is shown to the right. Each of the three people get a piece and the
1 4
remaining piece is divided into thirds. In total, blue, for example would get 1+ =
3 3
pieces as would red and green.
However, there is another way to do it. Each take a piece of cake as before. That leaves one more piece to share.
We will cut that piece into quarters and each of them gets a quarter. That leaves ¼ of a piece left. Again, we
will cut that piece into quarters and each gets a quarter of that, (¼ of ¼ giving 116 ). Again, we cut that small
piece into quarters and each gets a quarter (¼ of 116 or 1 64 ) .
So after the first go-round, blue gets 1 piece. In the second go-round, he receives ¼ of
a piece. In the third go-round, he receives 116 , and so on. So blue, as does each color,
1 1
1
1
+ + +
+ ... pieces of cake if the dividing went on forever.
4 16 64 256
Since this amount must equal one-third of the original 4 pieces of cake, that sum must
4
equal one-third of 4 which is pieces.
3

receives 1+

This method involves infinity and students can have problems with the concept as we will see. One way to think
n

⎛ 1⎞
1 1 1
about it is that the finite sum 1+ + + + ...+ ⎜ ⎟ , the total number of pieces of cake that blue gets can
4 16 64
⎝ 4⎠
4
as we want by making n, the number of slicing go-rounds, large enough. So the only
3
4
possible answer must be .
3

be made as close to

If that doesn’t convince you, using this method, multiply blue’s share by 4.

⎛ 1 1 1
⎞
4 Blue Shares = 4 ⎜ 1+ + + + ...⎟
⎝ 4 16 64
⎠
1 1 1
+ + + ...
4 16 64
= 4 + 1 Blue Share

= 4 + 1+
3 Blue Shares = 4
1 Blue Share =
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Infinity is a slippery and elusive concept. The human mind has trouble grasping it. We are taught that the
universe is infinite. But how is that possible? Surely it must end somewhere and if it does, how does it end. Is
there a wall there? If so, what is on the other side of the wall?
A limit is like a goal which really cannot be attained. You get closer and closer to it, but you never quite reach
it. In the rectangular cake proof above, we made our scalloped shapes straighter and straighter by cutting more
slices and rearranging them. But we never can make them truly straight using a fine number of slices. We can
only approach that state of perfect straightness. But in calculus, the impossible nature of the limit doesn’t
matter. We imagine that we reach the limit and then see what the results of our imagination implies. It doesn’t
seem logical but it is very successful. The concept of limits is subtle, confusing and in a way paradoxical but it
is the backbone of calculus.
The Greek philosopher Zeno (490 – 430 BCE)
struggled with this concept. He theorized that
it was impossible to shoot someone with a
bow and arrow. To travel from the bow to the
person, the arrow has to travel half the
distance first. The arrow then has to travel half
the remaining distance next, leaving it ¼ of
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the original distance to the victim. It then has
to travel ½ of that distance leaving it 1 8 of the original distance. Continue this argument and after you take 8
steps or 8 million or any finite number of steps, there will always be a gap between the tip of the arrow and the
victim. What is paradoxical about all this is although the proof seems solid mathematically, there is the victim
with an arrow sticking out of him.
Consider the fraction 1 3 = 0.333... = 0.3 . Students learned this as a repeating decimal back in
grade school. Students were forced to do the long division and after a few steps, they were
convinced that they were caught in a never-ending loop of dividing 3 into 10.
So, the dot, dot, dot or the line over the 3 was interpreted by that there are infinitely many 3s to the right of the
decimal point. Being infinity, we cannot write them all down, so the dots indicate that they are all there. That
kind of makes sense, although the concept of all of them being there throws the brain for a loop because how
can all of them be there if there are an infinite number of them? Still, students are willing to accept this and the
wise teacher breathed easy when no student would challenge the concept.
A more sophisticated interpretation is that 0.333… represents a limit like the scalloped edges in the cake proof
or the victim is in the arrow proof. 0.333… represents the limit of decimals that are generated by doing more
and more long divisions in calculating the decimal equivalent of the fraction 1/3. By doing long division over
and over, we can generate an approximation as close to 1/3 as we want. This approximation process can go as
long as we want. 10 million or 10 billion or any number of steps is permissible. The advantage of this way of
thinking about the 3 dots is that we don’t have to invoke infinity. We stick to the finite.
The infinity conundrum shows its head when making the statement 0.999… = 1. This is usually shown to
students in a basic algebra course, and the more students argue about it, the better brain for mathematics they
have, in my opinion. The argument that students will use is that no matter how many 9’s you have, 0.999…
never reaches 1. It approximates it, but never reaches it. Without even mentioning infinity, students are
dabbling in arguments about it.
The algebraic reasoning that is usually shown goes like this: Let x = 0.999… and therefore 10x = 9.999….
Subtracting the two equations give 9x = 9 and x = 1. So 0.999… = 1.
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I have found that this argument isn’t convincing with students. They see it as an algebraic trick and some will
argue that when you multiply x by 10, there is eventually a 0 at the end of it. And of course, there is no end of
it. Many of the best thinkers will still contend that 0.999… is approximately 1, not equal to 1.
Still, I have found the more convincing argument is to use the fact that 1/3 = 0.333…, a fact that students
accept. Multiply each side of the equation by 3 and you get 1 = 0.999…. The students who believed that
0.999… is approximately equal to 1 still don’t like it but are forced to accept it.
Thinking of infinity as a real place or real number can cause all sorts of mathematical issues. It is far better to
think about the results of a process approaching a limit. We never want to think that the process actually
terminates because that can get us into trouble.
The Zeno paradox called Achilles and the Tortoise explains that a fast
runner (Achilles) can never catch up to a slow runner (a tortoise) in a
race if the tortoise has been given a head start. By the time that
Achilles reaches the tortoise’s starting point, the tortoise has moved
although just a tiny bit. And by the time that Achilles reaches that
new location, the tortoise is nose again slightly ahead. Continuing
the argument, Achilles never catches up to the tortoise. And yet, we
know that a faster runner will always overtake a slower runner, there
must be something wrong with the argument.
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Let’s see how limits and the Infinity Guideline takes care of the problem. Suppose the tortoise starts at 100
meters ahead of Achilles but Achilles is 10 times faster than the tortoise, running at a speed of 10 meters per
second.
It takes Achilles 10 seconds to make up the tortoise’s 100meter lead. During that times, the tortoise will move 10 meters
further ahead. It takes Achilles another second to make up that
difference, in which time the tortoise is another meter ahead. It
takes Achilles another 1/10 of a second to cover that 1 meter
in which time, the tortoise is another 0.1 meter ahead.
Continuing this reason, we find that the amount of time for
Achilles to catch up with the tortoise is
10 + 1 + 0.1 + 0.01 + 0.001 = 11.111… seconds.

from medium.com

Using the technique we just showed before, it takes 100/9 seconds for Achilles to catch up to the tortoise, a
finite amount of time, even though there is an infinite number of tasks he must complete.
Even though we are using the concept of limits and the infinity guideline here, we can use simple algebra to
solve the problem. Achilles runs at a speed of 10 meters per second. We know that distance equals rate time
times so at any time t, his distance is 10t. The tortoise has a head start of 100 meters and since he runs at a
speed of 1 meter per second, at any time t is distance on the track is 100 + t. When Achilles overtakes the
tortoise the distances are the same. We get 10t = 100 + t. Solving for t, t = 100/9 seconds.
Calculus is built on the premise that everything is continuous, space, time, matter, and energy. Because of this,
everything can be split into smaller and smaller pieces without end. And while it can be argued that this gives
an approximation of reality, it works incredibly well.
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