Integrals as an Accumulation of Change
Problem 3 of Calculus is to find the area under a curve. Associated with that problem is
to find the arc length of the curve between any two x-values. If the area shown is rotated
about a line, a third problem is to find the volume of that rotated area. Since the 17th
century, it was believed that all these problems, areas, arc lengths, and volumes,
required an accumulation of infinitely small pieces. This process was called integration.
The question was: how to perform it.
The word calculus has the Latin root calx meaning a small pebble. It harkens back to times when people use
stones to count and perform calculations. Dentists use the same word to identify the small pieces of plaque
made up of calcium (identical word derivation) that appears on teeth. The same word is used to describe
gallstone or kidney stones. Calculus had its roots in the process of adding these small pieces to make up the
whole.
The Fundamental Theorem of Calculus connects slopes to areas, meaning it connects derivatives to integrals.
Two seemingly completely different process are linked. Integrals, even though they can be complicated to find
algebraically, are for the most part based on formulas and techniques and students spend hours on their
computation without thinking at all what they really represent. Students studying calculus use the Fundamental
Theorem all the time with barely a thought as to what it really means.
You see the Fundamental Theorem in many different forms:
A general description: a theorem that links the concept of differentiating a function with the concept of
integrating a function (calculating the area under the curve). The two operations are inverses of each other
apart from a constant value which is dependent on where one starts to compute area.

()

()

A rigorous treatment: If f x is continuous over an interval ⎡⎣ a,b ⎤⎦ and the function F x is defined by

F ( x) =

x

∫ f (t ) dt , then F ′ ( x ) = f ( x ) over ⎡⎣ a,b⎤⎦ .
a

Let’s examine what it really says.
I have an electric bike that allows me to set a speed, and, like
cruise control on a car, travel constantly at the same speed.
Suppose I am traveling at 16 feet per second. If we plot distance
versus time, and next to it, its speed per time, the two graphs
appear like this:
In the first graph, distance vs time, we see that after one second, the bike has traveled 16 feet, after 2 seconds,
32 feet, etc. Distance and time are related by the equation y t = 16t . Let’s call this the distance function. Its
graph is a straight line with a slope of 16. The slope represents the bike’s speed at every second.

()

So the second picture represents the bike’s velocity (or speed as the bike is always moving forward and its
velocity is positive). It is the simple constant function v t = 16 whose graph is a horizontal line.

()
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Integral calculus reverses the situation. If we were told how fast the bike was traveling, could we ascertain how
far the bike had traveled up to any given time? In other words, if we were given the red curve, could we
generate the blue curve?
Suppose the bike moves a half of a second. The distance traveled would be 8 feet
since distance equals rate times time and 16 • ½ = 8. What is clear is that this distance
is simply the area of the red rectangle under the horizontal line between times t = 0
and t = ½ second. This reasoning works for any time t. The base of the rectangle is t
and its height is always 16 so the area is 16t, giving the graph of the blue curve above.
This is obvious when the speed is constant. The distance traveled is the area under this
horizontal line which is that of a rectangle.
Sir Isaac Newton discovered in the late 1600’s that this relationship is always true, even if the speed is not
constant. The distance some object moves up to time t is simply the area accumulated under its speed curve up
to time t. The red area represents the increasing area of the rectangle. The area is accumulating under the speed
curve y = 16t. The area accumulating up to time t is A t = 16t , coinciding with the distance the bike traveled
y = 16t. That is the motion interpretation of the Fundamental Theorem.

()

So, using our swimming example from several pages back, we see the
speed curve which approximates how fast Caeleb Dressel swam when he
set his record in the 50 meters. The light blue area then represents how far
he swam in the first half of his race – between time 0 and time 10.535
seconds. The purple area represents how far he swam in the second half of
the race, between 10.535 seconds and 21.07 seconds. It is obvious that he
swam further in the 2nd half of the race than the first because the purple
area is clearly larger than the blue area. That makes sense because it took
him a few seconds to get to speed from a standing position. And while we
cannot easily find these areas, we do know that their total must be 50
meters because that is the length of the pool, the total distance he swam.
Now, suppose my bike is moving with a constant acceleration. After one second, the bike might be going at 4
feet per second, after 2 seconds, 8 feet per second, after 3 seconds 12 feet per second, and so forth. So the bike
always gains 4 feet per second with each passing second. This rate of change of speed, called the bike’s
acceleration is 4 feet per second per second. Obviously this acceleration must stop at some point because the
person pedaling it can only pedal so fast.

()

So the bike’s speed at second is given by the linear function v t = 4t and the number 4 represents the bike’s

()

acceleration. In general, the formula is v t = at where a is the acceleration.

()

So knowing that the speed grows at the rate of v t = at , how does the distance
the bike travels increase? The Fundamental Theorem says that the distance
traveled equals the accumulated area under the speed curve up to time t. And
since the speed curve is a line, the area we want is simply the area of the shaded
triangle (which is ½ base times height). Since the base is t and the height is at,
1
then by the Fundamental Theorem, our bike has traveled a distance of at 2 .
2
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So, summing up, if we know that the bike moves with constant acceleration a, then its velocity v is given by
1
v t = at and the distance it traveled is given by y ( t ) = at 2 .
2

()

But this only works when the acceleration is constant. If it is not constant (which is very likely on a bike) and is
just some function a t , how do we find its speed v t ?

()

()

We know how to go from the speed function to the acceleration function because acceleration is simply the
change of speed. We apply our change process to our speed as shown in the previous section. This of course is
differentiation. But now, we are being asked to find the speed function – to reverse the process.
It is similar to what children are first taught when adding numbers. They start with one-digit numbers and
perhaps memorize the combinations. 2 + 5 = 7, 6 + 3 = 9, etc. They then move to larger numbers. But at a
certain point, the teacher will ask the question: what number plus 2 is equal to 8? This is a subtle way of
introducing subtraction and more generally, the concept of inverses. In fact, pretty much all of mathematics
teaches students first a process and then an inverse process. Addition and then subtraction, multiplication and
then division, squaring and then square rooting, exponentiation and then logarithms. And in general, the inverse
process is harder than the original process.
So it is true here. We are thinking of a speed function v whose rate of change is a. And true to form, this
problem is harder than going from v to a. We could approximate Caeleb Dressel’s speed at any time t by finding
his position in the pool at times very close to t and using our change process and the Infinity Guideline. But
now, working backwards, we want to find Dressel’s position in the pool simply by knowing his speed at any
time t. In general, given the speed function v t , can we determine the corresponding distance function y t ?

()

()

()

So, consider a shape given by general function y x as shown to
the right. If we choose some arbitrary value of x along the xaxis, is there a way to compute the exact blue shaded area
between the curve and the x-axis? And since x can be any value,
the area is not a constant but must be a function A x as well.

()

()

Or, for our specific swimming problem, given Dressel’s speed function v t , can we determine how far he

()

swam (his position in the pool) y t at any time t, indicated by the green shaded region above? Again, I stress
that this area is a function of t and we refer to it as the area accumulation function or simply the area function.
Let’s make the swimming problem into an area problem substituting x for t
and y for speed. We are looking for the green area, the area under the curve
from x = 0 to x = 12. We use our Right Riemann sum method to create 6
equally spaced rectangles. So the width of each rectangle is 2 and the green
area is approximately equal to

2 y ( 2 ) + 2 y ( 4 ) + 2 y ( 6 ) + 2 y (8) + 2 y (10 ) + 2 y (12 )
This only approximates the area as it includes the somewhat triangularly
shaped white sections at the top of each rectangle.
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However, we can increase the number of rectangles, making the width of each rectangle smaller and each
triangular section much smaller in relation to the rectangular area. If width becomes small, then these
rectangles become thin strips with the triangular section at the top (let’s call it a cap). As the width Δx
approaches zero and becomes dx, the area of the cap becomes negligible compared to the area of the
triangle. We saw this algebraically when we looked at differentials.
For the exact area, Mr. Strogatz relates a neat analogy for this situation that
he learned in high school and I think it is a good one. Imagine a mythical and
magical paint roller moving left to right. As it rolls steadily, it paints the region
under the curve green. The dotted line at x points to the current position of this
roller as it rolls to the right. To ensure that the region is painted neatly, the roller
instantaneously and miraculously shrinks or enlarges in the vertical direction,
exactly the amount needs to reach but not cross the curve on top as well as the
x-axis. So it always adjusts its length to y x , so the area is painted precisely.

()

So the magical question is: At what rate does the green area expand as x increases (moves to the right)? Or,
said another way, at what rate is paint being laid down at the moment the roller is at x?
The roller rolls to the right through some infinitesimal time dx. As it traverses that tiny distance, the length y in
the vertical direction stays almost constant, since there is hardly any time for it to change its length. So during
that brief interval, it paints what is in essence a tall, thin rectangle of height y, infinitesimal width dx and thus,
dA
infinitesimal area dA = y ⋅ dx . Dividing by dx, we get the rate in which area accumulates:
= y.
dx
This states that the total area painted under the curve increases at the rate of the current length of the paint
roller. The longer the roller is, the more paint it lays down in that instant and so the faster the area accumulates.
Using our motion analogy, the faster the object travels, the faster that the distance it travels accumulates.
In the previous section, we found that to find the slope of the curve,
we follow the arrow to the right using the change process which we
called the derivative. However, the Fundamental theorem states
that the area A and the curve y are, in addition, related by a
derivative. The derivative of A is y.
So starting with the curve y and moving backwards to A (problem 3
of calculus), we reverse the process and accumulate all the change
in y. So finding the area under the curve goes hand-in-hand with
problem 2, the accumulation of change. We call this accumulation
process integration and the Fundamental Theorem states that

dA = y ⋅ dx and A =

∫ y dx .

So when we want to find the area under a curve f starting at x = a and going out to some number x = k, and
think of it as a sum of many infinitesimally thin rectangular strips, we write it as A( k ) =

k

∫ f ( x ) dx . The
a

integral sign

∫

looks like a flattened S, standing for sum. No math symbol screams calculus like the integral

sign, which was introduced in 1677.
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Let’s change gears slightly.
The Incas steps, sometimes called the “Stairs of Death” are a
section of stone steps built by the Incas in Machu Picchu, Peru.
There are 1,600 steps and their heights are irregular. The height
of each step differs slightly. Suppose we want to measure the
total vertical rise from the bottom of the stairs to the top. The
“brute force” method has us measuring all the rises of the
individual steps. We would have to do 1,600 measurements and
then add them up. It is a lot of work and unpleasant because the
steps are so irregular. There must be a more “elegant” solution.
from intrepidtravel.com

An altimeter is a device that measures height. It used to be an expensive piece of
equipment but now it is simply built into smart watches. So to find the height of the
steps we check our altimeter at the bottom of the steps and check it again once we reach
the top. Then subtract.
On the surface, this has nothing to do with the integration process, but in reality it does.
from macrumors.com
When we integrate – find an area under a curve, we are adding up a bunch of
complicated and seemingly unrelated terms. If there was an equivalent to our altimeter solution for the Inca
Steps, this process would certainly be a lot easier.
2 2 2 2
2
. There are 50 fractions here to add. We can see the pattern
+ + + + ...+
3 15 35 63
9999
in the fractions. The numerator is always 2 and the denominators are the product of two consecutive odd
numbers; 1 • 3, 3 • 5, 5 • 7, …99 • 101.

Consider the sum S =

3− 1 5 − 3 7 − 5 9 − 7
101− 99
. And then we can split each fraction:
+
+
+
+ ...+
3
15
35
63
9999
⎛ 1⎞ ⎛ 1 1⎞ ⎛ 1 1 ⎞ ⎛ 1 1 ⎞
⎛ 1
1 ⎞
, Eliminating the parentheses, we see that all the
S = ⎜ 1− ⎟ + ⎜ − ⎟ + ⎜ − ⎟ + ⎜ − ⎟ + ...+ ⎜ −
⎝ 3⎠ ⎝ 3 5 ⎠ ⎝ 5 7 ⎠ ⎝ 7 9 ⎠
⎝ 99 101⎟⎠

We can write this sum as S =

terms cancel out other than the first and last, leaving S = 1−

1 100
.
=
101 101

This is called a telescoping series and you will study them in
Calculus 2. The term comes from images of pirates who
would use a spyglass that was long when seeing great
distances but folds in on itself to become easy to transport.
Today the concept is used in ladders. They are based on a
series of metal tubes, each slightly smaller than itself. So a
long ladder magically becomes smaller just as the sum of our
50 fractions above can be reduced to just two.
from amazon.com

Realize that this math problem is in essence, the altimeter situation in reverse. While the total rise is the final
height minus the starting height (which, by the way for the Inca Stairs is 600 feet) , the sum of the terms is the
first term minus the last term.
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Suppose we have a function y x and we want to find the area under
this curve between x = a and x = b. To make things easy on the eye, we
draw 8 rectangular areas even though the concept we are illustrating uses
billions, or an infinite number of infinitesimally thin rectangles. Let us
further assume that all the rectangles have the same width Δx . The
heights of the rectangles are y1 , y2 , y3 ,… y8 . So the total area of the area
of the rectangles (which approximates the total area under the curve) is
y1Δx + y2 Δx + y3Δx +…+ y8 Δx .

Suppose we could find 9 special numbers A0 , A1 , A2 ,… A8 whose
difference give the following rectangular areas:
y1Δx = A1 − A0
y2 Δx = A2 − A1

Then the total area telescopes to

y3Δx = A3 − A2

y1Δx + y2 Δx + y3Δx +…+ y8 Δx = ( A1 − A0 ) + ( A2 − A1 ) + ( A3 − A2 ) +…+ ( A8 − A7 )

!

= A8 − A0

y8 Δx = A8 − A7

So turning this into calculus notation using differentials, Δx becomes dx. The heights y1 , y2 , y3 ,… y8 turns into

()
the integral y ( x ) dx . And the telescoping sum becomes in general, A( b) − A( a )
∫

the function y x , the height of the rectangles. And thus the sum of the infinite number of rectangles becomes
where x = a is the left end

of the area being computed and x = b is the right end. So if we do this telescoping an infinite number of times,
we get the exact area under the curve:
b

∫ y ( x ) dx = A(b) − A( a)
a

()

All well and good, but what is the special function A x that allows all this telescoping? Looking at the
general equation yn Δx = An − An−1 that we saw above, we realize that An − An−1 = ΔA . So, using differentials as
dA
= y ( x ) . So these special
dx
numbers A can be found by realizing that the derivative of A is y, or the integral of y is A or as we saw before:

the rectangles become infinitely thin, yn Δx = ΔA changes into y ⋅ dx = dA and thus
A=

∫ y dx .

So the Fundamental Theorem of Calculus allows us to find the area under curves and then volumes and arc
lengths by the process of integration which we have shown is simply the inverse of the differentiation problem.
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Reviewing, these are our three problems of calculus:
1) The change problem: Given a curve, find a formula and/or graph for its slope (rate of change) everywhere.
2) The accumulation problem: Given a formula and/or a graph of a curve’s slope everywhere, find the curve.
3) The area problem: Given a curve, find the area under it.
I have shown how they all are related to each other. What I have not done is to explain the discoveries of these
rules, some of which occurred in ancient times. The math only gives a part of the picture. I urge you to read
Steven Strogatz’s Book Infinite Powers which not only shows the math, in ways similar to what I have done,
but gives the fascinating history as well. Understanding the math goes hand in hand with appreciating the minds
and spirit of the men (and women) behind it.
He explains how calculus is the language of the universe and fundamental to the way we live today. Strogatz
reveals how this calculus rose to the challenges of each age: how to determine the area of a circle with only
sand and a stick; how to explain why Mars goes “backwards” sometimes; how to calculate the speed of light
using shredded cheese and a microwave; how to ensure your rocket doesn’t miss the moon; how to turn the tide
in the fight against AIDS. Examples from all walks of life are mentioned.
If your AP Calculus course was just about you getting a 5 on the AP exam, you probably haven’t gotten this far
in this addendum. But if calculus has really expanded your mind and kept you interested, I urge you to check
out Infinite Powers.

from wowsciencecamp.com
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